Therefore

=(rH) = (@3(7~H) + 96(7~H)> <134(7~H) L (rH) + 156(7«H)>

+3 (@3@"}1) - @6<rH>> <134(7~H) — Iss(rH >)

(4.2) _ % (—@G(H) _ @g(H)> <I56(H) + Lis(H) + 134(H)>

+ ;<—@6(H) + @3(H)> <I56(H) - 134(H)>
= —Z(H).

In our proof of Theorem 4.1, we found that heptagonal figure-eight knots are
achiral. Figure 4.10 shows such a deformation. However, (4.2) a ove shows
that figure-eight knots in are also irreversi le. gain, this is in contrast
with the topological figure-eight knot, which is reversi le.

Heptagonal figure eight knots are achiral ut not reversi le.

ecall that the irreversi ilit of trefoils in 6 depended on our choice of
root . In particular, a ¢ clic permutation of the si vertices of a he agonal
trefoil will change the he agon s geometric knot t pe. Thus, the uotient of

6 the action of the order- ¢ clic group, which corresponds to the
space non-rooted, oriented he agonal knots, contains onl three components.
This is not the case for the figure-eight knots in . In particular, consider
the group action induced on the set of heptagonal figure-eight knots the
automorphism . This is an order action on a two-component set, so it must

e trivial. In other words,

(4.) =( H) = =(H).

Therefore the distinction in the two figure-eight knot t pes is an e ect of true
knotting, rather than of our artificial choice in roots. This is re ected  the
following two corollaries.

uppose is a su group of the dihedral group r . Then
has five components if and onl if is contained in the ¢ clic su group

generated . therwise, 6 has four components.
The space of non-rooted oriented em edded
heptagons consists of five path-components. n the other hand, the space
6 r of non-rooted non-oriented em edded heptagons consists of

four path-components.



There e ist octagonal reali ations of ever five and si crossing knots (in-
cluding the s uare and grann knots) and of the non-alternating eight crossing
knots and . However, it remains an open uestion whether these are all of
the eight stick knots. For e ample, ever seven crossing prime knot has a nine
stick reali ation, ut it is conceiva le that one of them has a still undiscovered
eight stick reali ation.

In this chapter, we use the method of spherical pro ections discussed in
hapter 4 to determine which knots have stick num er ()= . ereview the
asics of this method in ection .1. Thenin ections .2, ., .4,and . 6 we

classif all octagonal knots, proving the following theorem.

The onl non-trivial knots which can have eight stick reali a-

tions are 4 3 + - and
s mentioned a ove, of these all e cept are known to have stick num er
() = . However, we do know that has a nine stick reali ation, proving

the following corollar .

()

ince the knots listed in the theorem are the onl ones which can have an
octagonal reali ation, ever other knot with a nine-stick reali ation must have
stick num er ()=

et = . e
an -sided pol gon. et e a large sphere centered at  enclosing all of
and consider the image of the radial pro ection — . ote that
the interior of edges and is respectivel mapped to the single points

( )and ( ). Thus,  picking a generic in we can assume that
= ( - ) consists of  — 2 great circle arcs on  with 4-valent crossings.
uppose that  has crossings. d acent arcs cannot intersect, so each one
of the —4 interior arcs (3 4) ... ( ) can intersect at most —
other arcs, while each of the e treme arcs ( 3) and ( ) can intersect
at most — 4 other arcs. Hence

s(C-00 - a0 —g) L=




et r e the num er of regions of —  etween ( )and ( ) the
fewest intersections with re uired to oin ( ) and ( ). Therefore r =0 if
()and ( ) liein the same region, r = 1 if the lie in ad acent regions, and

soon. esa isa graph of (7).
If isisotoped moving slightl into the interior of then () will
e a spherical knot universe of the knot reali ed . This universe will consist

of the —2arcsof together with an ( —1)th arc oining the endpoints ( )
and ( ). e make aknot diagram  adding information a out overs and
unders at each crossing. In this case, the arc etween ( ) and ( ) will
dip under at each of the crossings it encounters.  smoothing deformation of
the linkage can then reduce the num er of crossings in this diagram to
+ 7. Thus the ma imum value of 4+ r gives an upper ound on the crossing
num er of an knot reali a le as an -sided pol gon.

onsider pushing and alongthera s 3 and . This will increase
the num er of crossings in ~ perhaps  crashing the linkage through
some other edge in  and changing the knot t pe reali ed this pol gon.
However, if 3 and are long enough, then ( ) and ( ) will lie in
the same region, so the new configuration  is of t pe ( 0). In such a case
we sa is a of . For ever crossing added in this process, the
num er of regions etween ( )and ( ) will change  at most one. Thus
r — and hence +r -( — )( —4). This proves the following
result.

uppose that a knot  with minimal crossing num er ( )
and minimal stick num er ( ). Then

ote that this is an improvement on the egami ine ualit (1.4), which
predicts an upper ound of -( — 1)( — 4) crossings for an  stick knot.
ompleting the s uare in ( .1) shows that

200 () = v (O-5) -}

(-2) 5 ().

gain, this improves the lower ound in (1.4), though onl a out one.
In the case of octagons, the ound on crossing num er ecomes 10. In the fol-
lowing sections, we will consider those configurations which are descendants

so that




ofa oft pe( 0)for =10 , ,and . In particular, an descendant of
a ( 0) configuration with will correspond to a knot with at most si
crossings, and we know all such knots have octagonal reali ations.

If the arc (  3) passes underneath ever crossing it encounters, or if it
contri utes no crossings to then  can e deformed an isotop mov-
ing  across the triangular disc 3. uch an isotop will make and

3 collinear, so that  coincides with the ( — 1)-gon 3 ... .In
this case we sa is to an ( — 1)-sided pol gon, and hence corre-
sponds to a knot with stick num er () . similar reduction occurs if the
arc ) passes underneath ever crossing it encounters or contri utes no
crossings to . Thus, we ma assume that oth ( 3) and ( ) each
has at least one over crossing in

n the other hand, we can stretch 3 and su cientl until the great
circle arc etween them does not intersect . This means that the interior of the
triangle intersects no part of  and therefore defines an isotop reducing
to the ( —1)-gon 3 ... . Thus we are interested in the proper
ancestors of the configurations and not in

Finall | suppose that the edges 3 and cross at  and that is the
last crossing on oth 3 and the crossing closest to  and to
Then pulling ack one crossing on either edge will ield a configuration  of
t pe ( — 1 0). In such cases, ever descendant of is also a descendant of

so we dela their anal sis until we take a look at the configurations of t pe
( —10).

et e the descendant of o tained  pulling ack along thera 3
so that the num er of crossings is reduced  one. imilarl , let e the result
of pulling ack one crossing. Then ever descendant of  corresponds to a
word (and in some cases more than one) in the free product . e will use
this notation in our su se uent anal sis.

= uppose that is a descendant of  of
t pe (10, 0). e claim that is one of the knots in the following list

0 3 —
onsider adding the edges of intheorder 55 56 34 ¢ 3
and . The first two edges introduce no crossings, ut the ne t introduce

one, two, three, and four crossings respectivel .

otice that there is onl one wa in which the first four edges can intersect
in three crossings. In particular, 3 4 must intersect 5 ¢ and g and 4 5
must also intersect g  so the four edges will form two small triangular regions
and a uadrilateral (see Figure .1). uppose that neither 3 nor passes
through the triangular regions. reversing the orientation of  or taking



v 4 v 6

Four edges intersecting in three crossings.

v4 ve v4 V6 v4 v6
v 2 v 8 v2
v2 v8
v8
v7 v 3 v7 v3
v7 v3
v5 v5 v5

ossi le configurations of t pe (10, 0).

mirror images, we can assume that ¢ crosses over 3 4. If g also crosses
over 4 5 then we can isotope pushing 4 underneath ¢ . This isotop
would turn  into a configuration of t pe ( , 0) we will stud the descendants
of these configurations in ection .4. Thus we can assume that ¢ crosses
under 4 5 placing  underneath the plane  determined 4+ 5 and .
However, since 3 4 passes underneath g then 3 also lies under the plane
so 3 4 crosses under 5 ¢ asin Figure .1. Then we can again isotope

pushing ¢ over 3 4 turning into a configuration of t pe ( , 0).

Therefore we can assume that at least one of the edges 3 and intersects
the triangular regions mentioned a ove. reversing the orientation of  if
necessar , we can assume that 5 intersects the triangle with verte 4. Then
there are three choices for depending of where it intersects 5 ¢ as shown
in Figure .2.

First suppose that intersects 5 ¢ etween g and the crossing with 3 4
as in Figure .2a. reversing the orientation on  we can assume that ¢
crosses over 3 4. Then if 3 4 passes over the triangle 45 so must ¢ . If

cannot e isotoped to a configuration of t pe ( , 0), this means that oth



of t pe (10, 0).

3 and must pass under 45. ut then one of these two edges passes
underneath all of its crossings, allowing  to reduce to a heptagon. Therefore
we can assume that 3 4 crosses under 5 g so that 3 Crosses over 5 g and

4 5. If g passes over 456 then passes under 456 SO g can e pushed
ack over 3 4 simplif ing two crossings. Thus suppose that 4 crosses
under 4 5 so that crosses over 4 5 and 5 . If 3 crosses under
as in Figure . a, the descendants of  correspond to the knots 0, 3
— and . nthe other hand, if 3 crosses over (see Figure . ),
then the descendants of  correspond to the knots 0, 3 and
uppose, then, that intersects 5 g etween 5 and that edge s crossing

with 3 4 asin Figure .2 orc. If 3 4 crosses under ¢ then it must cross
over 5 g. Then ¢ passes over the triangle 456 and so we can assume that
passes under this triangle. ut then either 3 or passes underneath
all of its crossings, allowing  to reduce to a heptagon. Therefore we can
assume that 5 4 crosses over ¢ . In this case oth 35 4 and ¢ must pass
under 456 and must pass over 456. ote that 4 can e pushed over
¢ eliminating two crossings, in all descendants of e cept and then
onl if 3 crosses over oth 4 5 and 4 . n the other hand, can e
pushed towards ¢ moving over the crossing etween 3 4 and 5 ¢ via a
eidemeister move of t pe III and taking us to the previous configuration for
all descendants e cept . Then the onl knot t pes not alread mentioned
occur when 3 weaves under 5 g and over as in Figure .4. In this case,
the descendant corresponds to an octagonal reali ation of the knot

e have not succeeded in uilding an em edded octagonal
ver attempt at constructing this configuration has lead to singular octagons
with self-intersections. e con ecture that the pro ection shown in Figure .4
is actuall an impossi le scher figure, and does not re ect a real o ect.
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of t pe (10, 0).

ince these are all the configurations of t pe (10, 0), must e an octagonal
reali ation of one of the knots listed a ove. [

= uppose that is a descendant of  of
t pe (,0). eclaim that is one of the knots in the following list

0 4
s efore, consider adding the edges of intheorder 4 5 5¢ 34
6 3 and . hen constructing we make a choice as to which edge

will miss a crossing. eginning with the 3 4 each edge can add a ma imum
of one, two, three, and four crossings respectivel . Therefore, we consider
partitions of of the foom 1 +2+ + 14+2+2+4+4 1+1+ +4 and
0+24+ +4.

uppose that we take the reverse of a configuration  corresponding to the
partition 1 4+ 2 + 2 + 4. This amounts to drawing the edges of in the order

56 45 6 3 4 and 3. Then ¢ can contri ute onl one of
its two crossings instead, the second crossing appears with 3 4 which now
introduces two crossings. imilarl | will contri ute onl three of its four

crossings, while 3 will now contri ute three crossings. In other words, ever
configuration corresponding to the partition 1+ 2 + 2 + 4 is the reverse of a
configuration corresponding to the sum 1+ 2+ + . In the same wa , ever

corresponding to the sum 0 4+ 2 4+ + 4 is the reverse of a configuration
corresponding to 1 + 1 + 4+ 4. Therefore, we need onl consider the sums
1+1+ +4and1+2+ -+

Figure . showstheonl two wa sin which the linkage 3 4 5 ¢ can intersect
twice.  otice that cannot add at most two crossings in either situation.
Therefore there are no configurations corresponding to the sum 1+ 1+ + 4.
Thus, consider configurations corresponding to the partition 1+2+ 4+ . The
first four edges in such a configuration intersect in essentiall the same wa ,



v 4 v 6 v4 v6

v5 vb5

Four edges intersecting in two crossings.

v4 v8 v6 v 4 v8 v6 v4d V8 v6
v2
v2
v2
v7 v3 v7 v3 v7 v3
v5 v5 v5

ossi le configurations of t pe ( , 0).

while there are three possi ilities for the other two edges. Figure . shows the
three configurations we need to consider.
uppose that  is the configuration in Figure . a. If 3 4 crossed over 5 ¢
then we must have ¢ crossing over 3 4 and 3 passing under 5 ¢ or else
can e deformed to a configuration of t pe ( , 0). ut then either  ;
or will go under ever crossing it encounters, allowing us to reduce to
a heptagon. Therefore we can assume that 3 4 crosses under 5 g and over
¢ and that 3crossesover 4 5 54 and g asin Figure . . ut then,
regardless of how crosses over or under the rest of the knot, either 5 or
can e moved over 3 to simplif two crossings. Therefore ever
descendant of  will also e a descendant of a configuration of t pe ( , 0) we
anal e these in ection
e t suppose that  is the configuration in Figure . . s a ove,if 3 4
were to cross over 5 g then either 3 or would go under ever crossing
it encounters, allowing us to reduce  to a heptagon. Therefore we can assume



V4 v 8 Vv 6

v 5
of t pe (,0).
that 3 4 crosses under 5 gandover g andthat 5crossesover 4 5 5 ¢
and ¢ .If 3 crosses under as in Figure . a, then the descendants of
correspond to the knots 0, 4 and . nthe other hand, if 3 crosses
over (see Figure . ), then the descendants of  correspond to octagonal
reali ations of the knots 0, 4 and
v4 v4 v8 v6
v2 /
\\ / /\
\/ v7 v3
v5
of t pe(,0).

Finall suppose that is the configuration in Figure . c. s efore, we
can assume that 5 4 crosses under 5 ¢ and over ¢  and that 3 Crosses
over 45 5 ¢ and ¢  since otherwise either is reduci le to a heptagon or

can e simplified  two crossings. Therefore  is the configuration shown
in Figure . . ote that cannot weave over 3 and under 4 5 since,
if it did, then would have to cross the plane containing the triangle 456
twice  efore and after its over crossing with 3. This implies that  can

e pushed towards ¢ until passes through the crossing etween 3 and
4 5 via a eidemeister move of t pe III. This would take us to the previous
configuration, so no new knot t pes arise for this choice of



v4d V8 v6

v2

v7 v3

of t pe (,0).

ince these are all the configurations of t pe ( , 0), must e an octagonal
reali ation of one of the knots listed a ove. [

= uppose that is a descendant of  of
t pe (,0). eclaim that is one of the knots in the following list

0 4 s o+ -

s efore, we consider adding the edgesof intheorder 4 5 56 3 4
6 3 and and order the possi le configurations the partition
of to which the correspond.

First note that if  corresponds to the partition 1 + 2 + 1 + 4 then it is
the reverse of a configuration corresponding to 1 +2 + + 2 and that if
corresponds to 1+ 1+ 244 then it is the reverse of a 1+1+ + configuration.

imilarl , configurations which correspond to sums eginning with 0+24  or
0+1+ are the reverses of configurations associated to sums eginning with
14+1+ or 1 4+0+ respectivel . This reduces our task to investigating
four sums

1+2+ +21+2+2+ 1+1+ + andl+0+ +4.

ecall from ection .2 that the first four edges of a configuration corre-
sponding to a sum eginning 1 + 2 + cut out two triangles, at least one
of which must e intersected  one of the remaining two edges. This further
limits the num er of possi le configurations  to e e amined. In particular
there is one  for each sum 1 +2+ +2and 14+2+42+ (see Figure .10a
and ). In addition, there are three configurations associated with 14+ 1+ +
(Figure .10c through e) and four associated with 1 +0+ + 4 (Figure .10f
through i).



v4 v 6

v 2
v 3
v7
v 8
v5
v4 v 6
2
v v 8
v7
v 3
v5

v 6 v 2

v4 v2 v8 v6
v7 v3
v5
v4 v6
2
v v8
v7
v3
v5

va
v2

v6

ossi le configurations of t pe ( , 0).

v2

v5

v7
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of t pe (,0).

First consider the configuration pictured in Figure .10a. ote that if 3 4
crossed over 5 g then we would assume that 35 passed underneath the trian-
gle 456 thuseither  3or pass under ever one of its crossings, producing
a reduction of  to a heptagon. uppose, therefore, that 5 ¢ crosses over 3 4.
Then 3 must pass over the triangle 456 ¢ must pass underneath this tri-

angle, and must pass a ove it. Thus is the configuration in Figure .11.
Therefore  is an unknot, a trefoil, or a 3.

onsider the configuration shown in Figure .10 . otice that the crossing
on 3 closest to the verte occurs with and that the crossing on
which is closest to the verte occurs with 3. Thus ever descendant of  is
a descendant of the t pe ( , 0) configuration = and can have crossing
num er no greater than . e anal e these configurations in ection . , and

show that the correspond to knots with crossing num er no greater than
uppose that is the configuration in Figure .10c. Then 5 4 goes over
e actl one of the edges 3 and 3 4 since otherwise could e isotoped
to a configuration of t pe ( , 0). com ination of similar reduction and
scher arguments show that we need onl consider the three configurations in
Figure .12. If  is one of these, then can e(a) () or (¢
3 — or .

If  isthe configuration in Figure .10d, and if can e pushed across the
crossing etween 3 4and 5 ¢ then is ust a descendant of the configuration
in Figure .10c. f course, we are prevented from moving if the crossings

etween 3 4 5 ¢ and do not admit a eidemeister move of t pe III, or
if = and Crosses over s g.
The onl wa in which a eidemeister 111 move is prevented is if there is an
alternating choice of over and under crossings around the triangle formed

the three crossings. For e ample, suppose that 3 4 crosses over 5 ¢ 5 ¢
over and over 3 4 (see Figure .1 ). Then we can assume that
6 crosses over 3 4 so that lies a ove 45. However, the wa



v5 v5

\\//

v3
v5
of t pe (,0).
va4Q O,ve
2
v N v 8
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The verte must lie on oth sides of  456.
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crosses over 3 4 and under 5 ¢ we must also conclude that  lies elow this
triangle, giving a contradiction. similar contradiction arises if we assume
that the three crossings have the opposite choice of overs and unders.
uppose then that = and crosses over 5 g. epending on the
wa in which 5 g crosses 3 and 3 4 there are five possi le configurations
(see Figure .14). The appropriate descendants of these correspond to (a) 3
()O0and4 (¢) 4 and  (d) — and (e) 3and
e t, consider  asin Figure .10e. If can e pushed across the crossing
etween 3 and 5 g then is ust a descendant of the configuration in
Figure .10d. s a ove, we are prevented from moving when the crossings
etween 3 5 ¢ and do not admit a eidemeister III move, if
there is an alternating crossing choice around the triangle formed  the three
crossings. uppose that 3 crosses over 5 ¢ 5 ¢ over and over
3. Then an scher argument shows that 3 must cross over ¢ and 4 5
and that 3 4 must cross under 5 ¢ utover ¢ asin Figure .1 . Thus is
an unknot, a trefoil, or a 3 knot. The same argument shows that if we assume
that the three crossings have the opposite choice of overs and unders, then
is an unknot.

v 4 v 6
v 2
v 8
AN
v7\ £- <
v3
v5
of t pe (,0).

uppose that is the configuration in Figure .10f, and that 5 ¢ crosses
under 3 and over 3 4. Then lies a ove the plane containing 345 and so

3 crosses over 4 5. If in crosses over oth sand 3 4 orover oth
4+ sand 5 ¢ then can eisotoped until is a descendant of a configuration
of t pe (,0). similar simplification occurs if crosses under oth 3

and 3 4or oth 4 5and 5. e consider the four possi le wa s in which
passes through the linkages 3 4 and 4 5 ¢ in Figure .1 a through d.
The descendants of these configurations correspond to the knots (a) +
and ()0 and  (c) — and (d 4 and
e t, suppose that 5 g crosses under oth 3 and 3 4. onfigurations in
which 3 goesunder 4 5 areisotopic to a descendant of one in which 3 goes
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v3 v5

'
v6 '-l v4

- o’ - o’
‘-‘----""" V2 ‘-‘----.o"" V2

v 3 v5

of t pe (,0).
over. Thus, we can assume that 3 still goes over 4 5. Then must cross
under 4 5 and over 5 g since otherwise it would pass underneath the triangle
34. The two choices for how passes through the linkage 3 4 are shown

in Figure .1 e and f. The descendants of these configurations correspond to
(e) 0 and 3 and to (f) 0 and

ote that if 5 ¢ crosses over 3 the resulting knots are ust mirror images
of the ones listed a ove.

If  isthe configuration in Figure .10g, and if in can e pushed across
the crossing etween 3and 5 ¢ then is a descendant of the configuration
in Figure .10f. e are prevented from moving if the crossings etween

3 5 ¢ and do not admit a eidemeister move of t pe III, or if =
and Crosses over 3.

First suppose that = and that crosses over 3. If 5 ¢ crosses
over 3 then we can assume that s 4 crosses over 5 g. ut then 4 5 must
cross over 3 and so the verte 5 can e pushed over the edge 3 making

a configuration of t pe (, 0). Thus suppose that 5 ¢ crosses under 3
and over 3 4. This means that 4 5 crosses under 3 and, in order to prevent



another simplification as a ove, over (see Figure .1 a). The appropriate
descendants of this  correspond to the knots 3 and
s mentioned a ove, a eidemeister 111 move is prevented when there is an
alternating choice of over and under crossings around the triangle formed
the three crossings. If crosses over 3 we will e in the situation
a ove, so suppose that 3 crosses over over 5 ¢ and 5 gover  s.
Figure .1  and ¢ shows the two possi le configurations, depending on whether
crosses over or under 4 5. escendants of these s will correspond to
() or 3 orf(c) 3 Or
uppose that  is the configuration in Figure .10h. Then, unless the cross-
ings etween 3 4 5 and do not admit a eidemeister 11T move, can
e pushed across the crossing etween  3and 4 5 making a descendant of
the configuration in Figure .10g. If 3 crosses over 4 5 and if Crosses
over 3 and under 4 5 then must pass underneath the triangle 345
while 5 ¢ passes over this triangle (see Figure .1 a). utthen  corresponds
to the same knot as *  which is of t pe ( , 1). Thus the descendants of
will correspond to knots with crossing num er at most . Thus we can assume
that 3 crosses over over 4 5 and 4 sover 3. Then must e
the configuration shown in Figure .1 , ever one of whose descendants has at
most  crossings.

v3 v5 v3 v5

4
’
~
4
’
[
<\_

- -
L. -
LT a——

of t pe (,0).

Finall , suppose that  is the configuration in Figure .10i, so we can assume
that 5 ¢ pierces the triangle 34. ote that this implies that 3 passes
underneath  345. Therefore if we can push across the crossing etween

sand 4 5 then we can also push the verte 5 past theedge 3 simplif ing

to a configuration of t pe ( , 0). Therefore the crossings etween 3 4 5
and must not admit a eidemeister move of t pe III. uppose that 3



of t pe (,0).

Crosses over 4 5 4 5 Over and over 3. Then must e the
configuration shown in Figure .1 .
otice that the crossings etween 3 4 5 ¢ and do admit a eidemeis-
ter III move, so either is isotopic to a descendant of the configuration in
Figure .10g, or else = . These descendants correspond to and
3. ote that taking the opposite choice of crossings ields s which are alwa s
isotopic to descendants of the configuration in Figure .10g, since in that case
goes underneath oth 5 4 and 5 §.
ince these are the onl choices for configurations of t pe ( ,0), must ea
reali ation of one of the knots listed at the start of this section, as claimed. [

= uppose that is a descendant of  of
t pe( ,0). gain, we consider configurations  corresponding to partitions of
having ( )and ( )in thesameregionof — . sshown in Figure .20,
there are two such s corresponding to the sum 1 +2+ +1 (aand ), two
to 1424242 (c and d), four to 1 +1+ +2 (e through h), five to 1 +1+2+
(i through m), two to 1 + 0+ 2+ 4 (n and o), and two to 0 +0+ +4 (p
and ). In the meanwhile, ever 1+ 2+ 0+ 4 configuration is the reverse of
al+ 2+ -+ 1 configuration, and ever 1+ 2+ 1+ configuration is the
reverse of either a1 +2+ +1oral+ 2+ 2+ 2 configuration depending on
whether or not 3 and intersect. imilarl , ever configuration associated
to a sum eginning with 0 + 2 + is the reverse of one associated to a sum
eginning with 1+ 1+ and ever 0+ 1+ configuration is the reverse
ofal+4+0+ configuration. In addition, there are no corresponding to
thesums 1+1+4+1+4o0r 140+ +
ote that the descendants of a configuration  of t pe ( , 0) correspond to
knots with no more than seven crossings. However, the configurations shown
in Figure .20a, ., f, 1, and m all have at least one nugator crossing, so their
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ossi le configurations of t pe ( , 0).
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.20 (continued)



descendants correspond to knots with at most  crossings since all such knots
are known to have octagonal reali ations, we can ignore these configurations.
The other configurations in Figure .20 give prime knot universes. hoosing an
alternating pattern of overs and unders on a seven crossing prime universe
gives a uni ue seven crossing prime knot, ut an non-alternating diagram on
such a universe will give a knot with crossing num er no greater than si . In
particular, the configurations shown in Figure .20 will each correspond to a
seven crossing knot if and onl if the admit a choice of alternating crossings.

ach of the alternating diagrams in Figure .21 is an impossi le
scher configuration. If some geometric knot diagram contains an of these,
then it cannot admit an alternating choice in over and under crossings.

The diagrams in Figure .21a, , and c are variations on the same theme.

In the diagram in Figure .21a, passes a ove the triangle 3 4 and 4 5
passes underneath this triangle, so that must cross a ove 4 5 contrar
to the choice of crossings. imilarl , in the diagram in Figure .21 ,
passes a ove the triangle 3 4 while passes underneath this triangle,
p3 p3 p2
pl p5 pl
/ ri1 q2
a_ ~/_
ql \r2
p4 p2 p2 p4 pl p3
gl q3 ql r2

o1 \ _ !

p3

q2 ri g2

ituations preventing an alternating choice in crossings.



SO must cross under . nd again, in the diagram in Figure .21c,

passes a ove the triangle 3 while r r passes underneath this triangle.
Therefore must cross over against the indications of the diagram.
onsider the diagram in Figure .21d. The edge pierces triangle 3

from ottom to top, so  lies elow and a ove the plane of the triangle.
However, 3 also pierces the triangle from from ottom to top, so lies elow
and 3 a ove this plane. This gives a contradiction.

Finall , consider the diagram in Figure .2le. oth and r r pierce
triangle 3 from ottom to top, so and r lie elow, while andr lie
a ove, the plane of the triangle. Thus must cross over r r contradicting

the alternating choice of crossings in the diagram. [

The diagrams in Figures .20c and d cannot e alternating ecause the link-
age 3 4 5 ¢ has the form in Figure .21a. imilarl , note that the edge 3 4

and the linkage 5 ¢ in Figures .20i and intersect as in Figure .21 , so
these configurations do not admit an alternating crossing choice. The edges
5 ¢ and and the linkage 3 4 in Figure .200, and the edges 3 and

and the linkage 4 5 g in Figure .20 intersect as in Figure .21c, so nei-
ther of these will admit an alternating choice of crossings. The linkages 3 4
and 5 ¢ in Figures .20e, g, and h intersect as in Figure .21d, so these
diagrams cannot e alternating either. nd finall , the edges 5 ¢ and
and the linkage 3 4 in Figure .20n, and the edges 3 and together
with the linkage 4 5 ¢ in Figure .20p, intersect as in Figure .21e, so neither
of these configurations admits an alternating choice of overs and unders.

onsider the configuration in Figure .20k. The onl descendants of a
configuration  of t pe ( , 0) which can correspond to seven crossing alternat-

ing knots are and since all others will have at least two consecutive
under crossings etween () and ( ). The linkages 3 4 and ¢ inter-
sect as in Figure .21d, so cannot e alternating. n the other hand, the
edges 5 ¢ and intersect the linkage 3 4 as in Figure .21e, so does

not admit an alternating choice of crossings either.

Therefore none of the seven crossing configurations is alternating. Hence
ever such configuration corresponds to a knot with at most si crossings, as
claimed. This completes our proof of Theorem .1, classif ing all eight stick
knots, e cept possi 1 for . [



eometric knot e uivalence is strictl stronger than topological e uivalence.
In particular, hapters 2 and 4 give e amples of distinct geometric knot t pes
corresponding to the same topological t pe. These represent the first e amples
of their kind, so we review some of their characteristics here.

There are two distinct he agonal right-handed trefoils, which we can distin-
guish  the value of their . nlike topological trefoils, these are irreversi le
since the curl is sensitive to the order of the vertices and hence to the orienta-
tion of the he agon. However, curl is also sensitive to the choice of first verte ,
so the two t pes of trefoils are di erent onl when we insist on matching verte
la els.

There are also two t pes of heptagonal figure-eight knots. These can e dis-
tinguished  the value of the = invariant. ike their topological counterparts,
the heptagonal figure-eights are achiral this is re ected in the definition of =
which remains invariant under mirror image re ections. However, = is sensitive
to the ordering of the vertices, so that, in contrast with topological 4 s, the
heptagonal 4 s are irreversi le. nd in contrast with the he agonal trefoil, the
irreversi ilit of the heptagonal figure-eight is not dependent on the choice of
first verte .

e can understand these results in terms of  arriers or thresholds which
are overcome as the e i ilit of our loops (inde ed  the num er of edges )

increases. t one e treme lies the topological setting ( = ) in which the
knots have total e i ilit . t the other e treme lies this geometric setting.
hen our loops are not e i le enough to even form a trefoil. =

the level of e i ilit is enough to allow trefoils, ut still not uite enough to
allow a deformation from an one trefoil to its reverse. In e ect, when =
we have roken the e istence arrier ut not the reversi ilit arrier for
trefoils. This second is not roken until we make = . imilarl, = s
e ond the e istence and achiralit arriers for figure-eight knots, ut falls
short of the reversi ilit arrier.
s increases, the distinct geometric t pes representing the same topological
t pe will eventuall merge. This is, for instance, what we see in the case of
the trefoil when goes from to . However, it remains unknown whether
new geometric t pes might also e orn. In other words, there ma e other
e istence arriers, past which a new reali ation of the knot is possi le. ne
could, for e ample, speculate on the e istence of a topologicall unknotted
configuration constructed out of such a large num er of sticks and in such an
o trusive fashion that it was geometricall knotted. However unlikel , this is
one scenario that has not et een ruled out.
et us return to = . There are at most ten new topological knot t pes



possi le here.  f these nine certainl e ist. s we remarked in ection .2, the
tenth, is still evading anal sis. There seems to e no octagonal reali ation
of this knot, and et it is not et clear that it is an impossi le configuration.
e could sa that its e istence arrier lies somewhere ver close to =

and that we have et to determine on which side of it we are when =

s far as the other new knots are concerned, there are unanswered uestions
a out whether the are reversi le or not. resuma 1 knots like or +
which appear in onl one spherical pro ection, will not e reversi le, whereas
the more u 1 uitous knots like  or 35 are likel to e.

n the e uilateral knot front, we see in  hapter hints of distinction etween
e uilateral and stretch  geometric knottedness. In particular, the fundamen-
tal group of each component of trefoils has infinite fundamental group in 6

ut not in 6

t this point, we can onl con ecture a out the situation in . However,
models constructed with wooden sticks and ru  er oints seem to indicate that
an e uilateral heptagonal figure-eight knot cannot have three consecutive edges
on the same plane. s a conse uence, the functions ©3 + Og and O3 — O
would in fact e invariant under e uilateral deformations of the figure-eight
knot. There would then e at least four distinct possi ilities for the linkage

6 3. Taking into account the seven vertices, we can predict at least 14

or 2 components of figure-eight knots in

ne would e pect to see greater di erences in geometric and e uilateral
knots as the num er of edges increases. ne can also e pect as we have seen
through these chapters that the amount of computation re uired to under-
stand these knot spaces will increase e ponentiall . In some sense, the work
in this dissertation pushes the envelope on the amount of information which
can e o tained simple com inatorial methods. The alge raic geometr
involved will need to e more carefull addressed to venture much farther than






