This deformation will create no self-intersections since the edges vzv, and vyvs
will move through the interior of the triangular discs determined by vy, v3, and
vy and by v1, vy, and vy, respectively, but H; never pierces either of these discs.
Hence, we can assume that vy(t) moves along a piece of some circular arc on P;.
A contraction of this arc to a point will fix vy(t) for all values of ¢, so that H; is

a null-homotopic loop in 7. Therefore 7,(7/ 3 () and 7 (7) :
as claimed.

Arguing by symmetry among the four trefoil components of and
we obtain the following result.

ach of the four components of trefoil nots in has infi-

nite fundamental group. n the other hand, the fundamental group of each of
the four components of trefoil nots in is isomorphic to . Therefore the
inclusion map is not in ective at the level of fundamental
group.

Theorem . shows that geometric nottedness is di erent than topological

nottedness, and that there are distinct geometric not types corresponding
to the same topological not type. The irreversibility of hexagonal trefoils in

orollary . demonstrates this di erence. The lesson taught by Theorem . is
that, although Theorem . implies that geometric and e uilateral nottedness
coincide in the case when , the two types of nottedness are of a uite
di erent nature.



The trefoil and figure-eight mnots are the only mnots with minimal stic
number () . Thus we can expect to find at least four path-components in
. n this chapter we explore the topology of the embedding space of
rooted oriented heptagons and find that contains five path-components,
two of which contain distinct geometric types of figure-eight nots. This is the
second example in which geometric nottedness is shown to be stronger than
topological nottedness.

The embedding space of rooted oriented heptagons con-
tains five path-components. These consist of a single component of un nots,
a single component of right-handed trefoil nots, a single component of left-
handed trefoil nots, and two components of figure-eight nots.

n ection ., we s etch a proof of Theorem . based on a souped-up
version of the fibration methods used in  hapter . e do not go into the
details involved in this proof, which become uite tedious and opa ue. nstead,

ection . presents an entirely di erent approach, in which we consider a
heptagon s pro ection onto a sphere. This new method greatly simplifies the
analysis of and will be the basis of the approach in  hapter

n this section we s etch a proof of Theo-
rem . based on the fibration approach described in  hapter . The ey idea
is that a heptagon is the sum of a triangle and a hexagon along a common
edge. n particular, let be the pro ection

V1,V ,V3,V4,V5,V ,V V1,V ,V3, V4, V5,V

Then the preimage in of the hexagon wvq,v ,v3,v4,v5,v consists of
the collection of points v 3 for which vy,v ,vs,v4, 05,0 ,v is an embed-
ded heptagon. This stratifies into -dimensional fibres over the space

.1 These fibres will change depending on the actual configuration of the
hexagon involved.



The valence- permutahedron.

e proceed in much the same way as in the proof of The-

orem . . pecifically, consider a heptagon H V1,V , V3, Ug, Vs, U ,V I
y appropriate translations and solid rotations of 2, we can move v;
to(, , )andv to( , , )forsome . ince is a manifold, H can

be slightly perturbed to a generic heptagon crossing the -axis at only these
two points. et P ,Ps, Py, and Ps be the half-planes emerging from the -axis
and containing v ,vs, vy, and vy, respectively. Again by pic ing a generic H,
we can assume that the P s are distinct.

irst suppose that there exists a half-plane P emerging from the -axis and
which does not intersect H other than at v; and v . rgani ing these heptagons
by the order in which the P s occur as we rotate around the -axis in a right-
handed fashion, starting with P , will divide this section of into  open
regions. The boundary of each of these regions consist of the codimension-
sets where either two of the P s coincide, or where an edge of H crosses the
-axis.

onsider the way in which these  regions of meet, along the codimen-
sion- subsets consisting of heptagons for which two of the P s coincide. These
unctions can be schematically described as switches in the indices denoting the
regions. or instance, regions - - - and - - - meet along a subset consisting
of hexagons with P P,. e build a model for these connections by ta ing
a vertex for each of the  regions and an edge for each codimension- subset
oining them. The result is a valence- graph which forms the -dimensional
s eleton of a solid onotope called a shown in igure . . ach
vertex of the permutahedron is part of a uni ue s uare face corresponding to
the order- se uence of index switches in which the first two indices and the
last two indices are switched in an alternating fashion. n addition, each vertex
is part of two distinct hexagonal faces which correspond to the order- switch
se uences in which either the first or last index is fixed while the other three
indices are permuted through all six possible orders. Therefore the valence-



umber of components in each region of
arranged by topological not type.




permutahedron has six s uare faces and eight hexagonal faces. xtending
the edges shared by any two hexagonal faces shows that this is nothing more
than a truncated octahedron, also nown in crystallography as a edorov cubo-
octahedron.?

n the other hand, suppose that when H is placed as above, with v; on the
origin and v on the positive -axis, it intersects every half-plane P emerging
from the -axis. Then H does not belong to any of the regions described
above. n this case, the vertices v ,vs, v4, and vy will loop around the -axis in

either a right-handed or left-handed fashion. This means that contains
two additional regions, which we denote and , respectively.
Table . indicates the number of path-components in each of these re-

gions, arranged by the topological not type they represent. This is the result
of a long computation involving all possible arrangements of the five-segment
lin age viv v3vgvsv and the triangular lin age v v v1, much as in the proof
of emma . . rom the viewpoint of the fibration of over , this
computation is essentially an exhaustive description of every possible type of
fibre organi ed by the type of hexagon downstairs. urther analysis shows that
the path-components in the  regions forming the vertices of the permutahe-
dron interconnect across the codimension- subsets corresponding to edges of
the permutahedron to form eleven path-components. f these, three contain
topological un nots, two contain right-handed trefoils, two contain left-handed
trefoils, and four contain figure-eight nots.  hen we ta e into account the
path-components of the regions , this number drops to five one of topo-
logical un nots, one of right-handed trefoils, one of left-handed trefoils, and
two of figure-eight nots.

n order to prove the theorem, it su ces to show that there is no path oining

the two distinct types of figure-eight mnots. uppose that , is
such a path. ince is a  -dimensional manifold, there is a small open
-ball contained in about each point in this path. Thus we can assume

that whenever passes through the boundary of one of the  regions, it does
so through a generic point in that boundary. n particular, there must be
some heptagon on this path which meets the -axis more than twice. A simple
geometric argument, though, shows that this is impossible for a heptagonal
figure-eight not. [



n this section, we introduce a
new approach for proving Theorem . which not only re uires less computation
than the one outlined in ection . , but also has a better chance of generali ing
to polygons with more edges. n fact, it will be the basis for our classification
of octagons in hapter

et H wvy,v ,v3,04,05,v ,v bearooted, oriented heptagon in

et be a large sphere centered at v; enclosing all of H, and consider the image

of the radial pro ection H v . otice that the interior of edge v,v

is all mapped to the single point (v ), while the interior of vyv is all mapped

to (v ). wurthermore, by pic ing a generic H in we can assume that

(H v ) consists of five great circle arcs on  with -valent crossings.

uppose that has crossings. Ad acent arcs cannot intersect, so each one

of interior arcs, (vsvy), (v4vs), and (vsv ), can intersect at most two other

arcs, while each of the extreme arcs, (v v3) and (v v ), can intersect at most
three other arcs. Hence

The closure of each component of is a closed disc. The image of the
vertices v and v will each lie in the interior of one of these regions. et
be the number of regions between (v ) and (v ), the fewest intersections
with  re uired to oin (v ) and (v ). Therefore if (v)and (v) lie
in the same region, if they lie in ad acent regions, and so on. e will say

is a graph of (,).

et denote the triangular disc determined by the vertices v ,v , and

v . f H is isotoped by moving v; slightly into the interior of ;| then (H)
will be a spherical not universe of the not reali ed by H. This universe will
consist of the five arcs of  together with a sixth arc oining the endpoints
(v)and (v ). ema ea notdiagram by adding information about overs
and unders at each crossing. n this case, the arc between (v ) and (v )
will dip under at each of the crossings it encounters. ote that a smoothing
deformation of the lin age v viv can then reduce the number of crossings in
this diagram to . Thus the maximum value of gives an upper bound
on the crossing number of any not reali able as a heptagon.

f the arc (v v3) contributes no crossings to , then H can be deformed
by an isotopy moving v across the triangular disc 1 3. uch an isotopy will
ma e vy, v , and vy collinear, so that H is a heptagon which coincides with the
hexagon wq,vs3,v4,v5,v ,v . n this case we say H is to a hexagon,
and hence is either an un not or a trefoil. A similar reduction occurs if the arc

(v v ) contributes no crossings to . Thus, we may assume that both (v v3)
and (v v ) each has at least one crossing in

onsider pushing v and v along the rays v3v and v v . This will increase the

number of crossings in , perhaps by crashing the lin age v v;v through some
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other edge in H and changing the not type reali ed by this heptagon. However
the number of crossings cannot exceed . fv v3and v v are long enough, then
(v ) and (v ) will be in the same region. Therefore every configuration can
be obtained from a configuration  of type ( , ) by pulling the endpoints
(v)and (v ) bac over a certain number of crossings. n such a case we say
is a of . et be the descendant of  obtained by pulling
v bac along the ray vsv so that the number of crossings is reduced by one.
imilarly, let be the result of pulling v bac one crossing. Then every
descendant of  corresponds to a word (and in some cases more than one)
in the free product . The number of regions between the endpoints of
or is at most one more than in , so that the uantity can decrease
or remain constant  but never increase as we move from  to one of its
descendants. Thus, if of type ( , ) is a descendant of  of type ( , ), then
n particular, any not reali ed as a heptagon has crossing
number no greater than
igure . shows all possible configurations of type ( , ) with , up to
mirror image or a reversal of orientation given by the map

V1,V ,V3,V4,V5,V ,V V1,V ,V , Vs, V4, V3,V

elow, we will consider each choice of  and examine each one of the descen-
dants of . n particular, we show that

() if H is either an un not or a trefoil not, then it can be reduced to a
hexagon

() if H is a figure-eight not, then the configuration  corresponds, up
to mirror re ection and reversal of orientation, to one of five distinct
pro ections, shown in igure

e will then show that this implies that contains exactly five compo-
nents, proving Theorem

(i) irst suppose that is a descendant of a configuration  of type ( , ).
Then, up to mirror image, is one of two possible configurations (see ig-
ure . a and b). n particular, every non-ad acent pair of edges must intersect,
so the first four arcs of will always intersect in the same way. The only
choice involved deals with whether v v should cross v4vs to the left or right of
that edge s other crossing.

uppose that  is the first of these, and that vsv crosses over vsvy. fov v

also crossed over vzvy, then we could deform H by pushing v into the triangle

5 until we reduce the number of crossings in by two this would ma e
a configuration of type ( , ), which we examine in part (iii) below. Thus we
can assume v v crosses under vsvy, and hence also under vsvs. imilarly, we
can assume that v v crosses over vyvs and vsv , asin igure . a. n this case,



of type (1, ).

corresponds to an un not. ince the edge v v goes under at every crossing,
v can be pushed across the triangular disc 1, so H is reducible. ushing
either v or v bac over one crossing ta es us to the ( , ) configuration in

igure . ¢ we come bac to this case in part (ii) below. Arguing by symmetry,
we find that the situation remains the same if vsv crossed under v3vy.
uppose, then, that  is the configuration pictured in igure . b, and that
Usv crosses over vsvy. Again, v v must cross under vsvy and v4vs, and v v
must cross over vyvs and vsv , since otherwise we could deform H until  is of
type ( , ). Therefore isthe diagram in igure . b, which corresponds to an
un not. n this case both and are also un nots, while \ \
and are all left-handed trefoils. n each one of these configurations, the
edge v v goes under every crossing it encounters, so v can be pushed across
the triangular disc 1. This means that every single one of these un nots
or trefoils is reducible to a hexagon. The same holds when vsv crosses under
v3vy, except in this case we find reducible un nots and right-handed trefoils.

n either case, we find that H is reducible to a hexagon. f course, the same
is true for the mirror images (which here are e uivalent to the reverses) of the
configurations in igure . a and b.

(ii) ow suppose that is a descendant of a configuration  of type ( , ).
Again s, up to mirror image or a reversal of orientation, one of two possible
configurations (see igure . ¢ and d). or suppose we draw from the
middle out by adding arcs in the order vyvs, v3vy4, v5v ,v v3, and v v . hen
we first add them, vsv can add one crossing, v vs can add two crossings, and
v v can add three crossings that is, we can express as the sum

ince we want five crossings, then we must decide at which of these stages to
s ip a crossing. n other words, we express as one of the sums
, or

Y
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dge v v cannot add three crossings to either of
these configurations.

irst consider the partition . As noted before, there is only one
way in which the first four arcs can intersect three times. This gives us two ways
in which to add the last arc while introducing two crossings and ensuring that

(see igure . cand d). ext consider the partition . very
configuration corresponding to this partition is the reverse of a configuration
corresponding to the partition . or suppose we reverse the order in

which the edges v v3 and v v are added. Then v v will only add two crossings,
since the third would have occurred with v vs. ut then v v3 must also add two

crossings. astly, consider the partition . There are two ways in
which v v3 can add two crossings to a crossing-free three-arc configuration, as
shown in igure . . However, it is impossible for v v to add three crossings

to either of these. Therefore there are no configurations corresponding to this
partition.

uppose that is the configuration pictured in igure . ¢, and that vsv
crosses over vzvg. As noted in (i), we can assume that v v crosses under v3vy
and v4vs, and that v vy crosses over v4vs and vsv , so that H is the un not
shown in igure . a. Then is an un not, while and are left-
handed trefoils. However in all of these, v v goes under at every crossing, so
v can be isotoped across the triangular disc 1. Therefore H is reducible in
all of these cases. ymmetry shows that, if vsv crossed under vsvy, then H is
a reducible un not or right-handed trefoil.

ow suppose that is the configuration pictured in igure . d. wurther-
more, suppose that vsv crosses over vsvy. f v v were to cross over vsv, then
v could be isotoped into the triangle with vertices vs,v , and v , reducing the
number of crossings to  we consider this case in part (iv) below. Therefore
assume that v v crosses under v3vs. e can also assume that v v3 crosses un-
der v v , for otherwise  and everyone of its descendants would be reducible
to a hexagon via an isotopy pushing v into the triangle 1- et P be the
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plane determined by vs, v4, and vs. Then v lies above P, v lies below P, and
thus the edge v v3 must lie entirely under P. Therefore v v3 crosses under both
vvs and vsv , as in  igure . b. However, since edge v v3 goes under all of its
crossings, and all of its descendants will be reducible to a hexagon by an
isotopy pushing v into the triangle ;.

Alternatively, suppose that vsv crosses under vzv,. Then we may assume
that v v crosses over vsvy, since otherwise we can isotope v and reduce the
number of crossings in ~ to . f v v3 were to cross under vsv , it would also
have to go under v4vs and v v in that case  and all it descendants would be
reducible by isotoping v across 1 3. Thus we may assume that v vs crosses
over vsv . There are three possibilities.

irst suppose that v vs crosses under v,vs then it must also cross under v v
as in igure . c¢. Then , and are all un nots which reduce to a
hexagon via an isotopy pushing vz into the triangular disc  34. n the other
hand and are both figure-eight nots. ote that they are geometrically
e uivalent to each other by an isotopy pushing v under vvs.



ext suppose that v vz crosses over vyvs but under v v , as in  igure . d.

Again, , and are un nots which are reducible by an isotopy pushing
v3 across  34. However in this case, is also an un not which reduces to
a hexagon by an isotopy of vs across 45 . astly, is a figure-eight not,

di ering from the one above only by the vertical position of v . n particular,
pushing v down ta es us to the previous case.
inally, suppose that v vs crosses over both v4v5 and v v , asin igure . e.
n this case , , and are un nots which reduce to hexagons by an
isotopy pushing vs across the triangular disc 45 . n the meanwhile, and
are figure-eight nots which are e uivalent to each other by an isotopy
which moves v under edge v v3. ote again that can be deformed to the
figure-eight nots above by pushing v down.

Therefore if  is the configuration pictured in igure . d, then H either
reduces to a hexagon or is part of a single component of figure-eight nots. The
same result is true for the mirror image and the reverse of these configuration.

n fact, we obtain four apparently di erent components of figure-eight nots,
which will turn out to oin up in pairs and form two distinct path-components.

(iii) uppose that is a descendant of a configuration — of type ( , ). Then

is, up to mirror image or a reversal of orientation, one of seven possible
configurations (see igure . e through ). To see this, we draw from the
middle out as in part (ii), but this time consider partitions of the number
There are five such partitions.

egin with the partition . There is only one way in which the
first four arcs can intersect three times. ut then there is only one way in
which the last arc can add one crossing and produce a configuration having

(see igure . e).

ext consider the sum . The first three edges will intersect in a
uni ue way, forming a triangular region. otice that if v v3 intersects vsv to
the right of the first crossing, then v will lie inside this triangular region. ince
we can then extend v v past vyvs (adding an extra crossing), configurations of
this sort are descendants of a  of type ( , ) or (, ). Thus we can assume
that v v3 intersects vsv to the left of the first crossing. Then there is only one
way in which v v can introduce two more crossings while maintaining
(see igure . f).

ow consider the configurations corresponding to . The reverses
of these configurations correspond to the partition . or suppose the
order in which the edges v v3 and v v are added is reversed. Then v v will
only add two crossings, the third now arising when v v3 is added.

The fourth partition, , corresponds to five possible configurations.
The first four arcs will intersect in one of two ways (pictured in igure



above). There are two ways in which v v can add a pair of crossings to the
first of these (see igure . g and h), and there are three ways in which it can
add a pair of crossings to the second (see igure . i, , and ).

inally, consider the sum . f the order in which the edges v v
and v v are added is reversed, then v v will first add two crossings, and v vg
will then add another two. Thus configurations corresponding to this partition
are merely the reverses of some configurations corresponding to

uppose that is the configuration in igure . e. f v v crosses under
v v3, then  and all its descendants will be reducible by an isotopy pushing v
across the triangle 1. n the other hand, if v v crosses over v v3, then all
of its descendants will also be reducible by an isotopy of v . n fact,  can be
isotoped by pushing v under v (turning  into a type ( , ) configuration)
thus allowing the reduction to occur.

uppose then that is the configuration in igure . f. et and be
points on v3vy and vsv , respectively, which are collinear with v;. These are the
points at which the crossing between these two edges occurs. f vy and vy are
simultaneously pushed towards and , then the edge v4vs will turn, becoming
vertical when vy and vy , and then removing the crossing when v, and
vs move past and . n e ect this is a piecewise linear eidemeister move
of type . This isotopy deforms  into a type ( , ) configuration, which we
consider in part (iv) below.

ext suppose is the configuration in igure . g. f v v crosses under
v v3, then  can be isotoped by pushing v under v v3, reducing the number
of crossings in . imilarly, if v v crosses over v vz, then v can be pushed
under v v , yielding a type ( , ) configuration. Thus the descendants of
are also descendants of a type ( , ) configuration, which we consider below in
part (iv).

uppose is the configuration in igure . h, and assume that v v crosses
under v4vs. Then we can assume that v v goes over v w3, since otherwise
and all of its descendants could be reduced to a hexagon by pushing v into
the triangular disc 1. Also, we can assume that v v3 goes over vsv , for if
it went under then and all its descendants would be reducible by pushing
v across the triangle 5 . This means that v v3 must cross under v4vs, as in

igure . a. However, in this case  and all its descendants are un nots which
reduce to hexagons by isotoping v, through the triangular disc  345.
Alternatively, assume that v v crosses over vyvs but under v v3. fovsv also

crossed under v vs, then and all its descendants would be reducible to a
hexagon by pushing v3 across the triangle  34. Thus we can assume that
v v3 goes under vsv and hence over vuvs, as in  igure . b. Then both
and are un nots which reduce to hexagons by isotoping v4 through the
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v 2

is reducible once v v3 and v v are su ciently stretched.

triangular disc  345. n addition, is an un not and is a left-handed
trefoil these are reducible by isotopies pushing either v into 1 3, or v into
1, respectively. inally, is a figure-eight not.
ext, assume that v v crosses over both vyv5 and v v3. fov w3 crosses under
vsv  then and all its descendants will reduce to hexagons by an isotopy
pushing v3 across the triangle determined by v , v3, and vy. Thus we can assume
that v v3 crosses over vsv . f v vz crosses under vyvs as in - igure . c, then
is a left-handed trefoil not which reduces to a hexagon by pushing v; across
the triangle 1, and are trefoils e uivalent to via an isotopy
stretching v v3, and and are un nots which are reducible by an isotopy
pushing vy into the triangle 345. n the other hand, suppose v v3 crosses over
vv5 as in igure . d. n this case and are un nots which reduce to
hexagons by pushing v; across the triangle 1, is a left-handed trefoil
which is reducible by an isotopy pushing wvs into the triangle 34 while
is an e uivalent left-handed trefoils by shrin ing v vs, and is a figure-eight
not.
uppose is the configuration in igure . i. ithout loss of generality, the
arcs v v3 and v v in  are not parallel, so if they are stretched enough, as in
igure . , then is reducible by an isotopy pushing v; across the triangular
disc 1 . Therefore, is either a reducible un not or a reducible trefoil.
f v v3 crosses under vsv or if v v crosses under v3vy, then is e uivalent
to , to , or to , and these in turn are e uivalent to descendants
of the corresponding configurations in which v v3 and v v go over at these
crossings. Hence we can assume that v vz crosses over vsv and that v v cross
over vsvy. f vavs crosses over both v v3 and v v , then is the left-handed
trefoil in igure . e, and so ., ,and are un nots which reduce to
hexagons by an isotopy pushing either v or v across the triangles 1 3 or
1, respectively. Alternatively, if vy4vs crosses under both v vz and v v , then
is the un not in igure . f. n this case, and are un nots reducible
by an isotopy pushing v, or vs, respectively, across 345 or 45 , while is
a right-handed trefoil which reduces by pushing vs upwards and then across the



triangular disc ~ 34. uppose, then, that vy4vs crosses over v vs but under v v ,
asin igure . g. Then and are un nots which reduce to a hexagon by
pushing v across the triangle 34, while is a figure-eight not. imilarly, if
V45 crosses under v vz and over v v , the descendants of  are either reducible
un nots or figure-eights. n fact, these figure-eight not configurations will be
the reverses of those above.

ote that if  is the configuration in igure . |, then a cloc wise motion of
v v will turn  into the configuration in igure . i, which we analy ed above.
Thus the descendants for this configuration correspond to either reducible un-
nots and trefoils or to figure-eight nots. Thus we can finally suppose that
is the configuration in igure . . et and be points on v vy and
45, respectively, which are collinear with v;. These are the points at which
the crossing between these two edges occurs. f v3 and vy are simultaneously
pushed towards and , then the edge vsvy will turn, becoming vertical when
Vs and vy , and then removing the crossing when vs and vy, move
past and . As before, this is a piecewise linear eidemeister move of type
deforming  into a type ( , ) configuration, which we consider in part (iv)
below.

(iv) uppose that is a descendant of a configuration  of type ( , ) with
f then v v3 and v v can t both be the over strand of a crossing,
and hence either v or v can be pushed across 1 3 or 1 in order to reduce
to a hexagon. uppose then that f , we can stretch v v
and v v until the triangle ; defines an isotopy reducing to a hexagon.
Thus we can assume . ut since each time that we extend v v3 or v v in
order to lower by one we increase by one, then  must be of type ( , ).
There are two possibilities.

irst suppose that v v3 and v v are each crossed exactly once, so that they
are the over strands at these crossings. f vsv, crosses no other edge, then
the triangle 34 will define a reducing isotopy for ., so we may assume that
v3vy crosses under v v .y similar reasons, vsv crosses under v vs. Hence
is (up to mirror image) the trefoil shown in igure . a. ote that v can be
moved until it lies collinear with v and v3, reducing the trefoil to a hexagon.

n the other hand, suppose that both crossings of occur at v v3. Then
one of these is with v v , which must cross over v vs, while the other one is
an over crossing. ote that this over crossing must be nearest to v , since
otherwise v can be pushed below v v reducing to atype ( , ) configuration.
Then either vyus or vsv crosses under v vs (see igure . b and ¢). n the first
case, v can be lifted away from v; until the line segment vsv passes over the
edge v v3 then an isotopy pushing v across 5 will reduce to a hexagon.

n the second case, v can be pushed bac along the edge v v until the triangle



of type (1, ).

345 defines an isotopy reducing to a hexagon. imilarly, is reducible if
both crossings occur at v v .

Therefore is reducible whenever

(v) y parts (i), (ii), (iii), and (iv) above, H reduces to a hexagon whenever
it gives a heptagonal reali ation of an un not or a trefoil not. urthermore,
if H is a figure-eight not, then the configuration corresponds, up to mirror
re ection and reversal of orientation, to one of five distinct pro ections, pictured
in igure

irst suppose that H is a topological un not. ecall that contains
a single component of un nots. Thus every hexagonal un not can be at-
tened out and isotoped to the standard planar hexagon. ince H reduces to
a hexagon, it too can be deformed into a planar heptagon. Therefore
contains a single component of un nots.

Alternatively, every hexagonal reali ation of the right-handed trefoil can be
deformed to one of two standard embeddings, one with positive and one
with negative . uppose that H is a heptagonal right-handed trefoil which
has been reduced to one of these standard hexagonal trefoils. y an appropriate
relabelling of vertices, we can assume that v lies on the line segment between
v and v , so that H coincides with the hexagonal trefoil wvi,v ,vs3,v4, v5, v

uppose further that

( V1,V ,V3,VU4, Vs,V ) ( ’ )

Thus, H coincides with a negative hexagon and has an extra vertex in
its sixth edge.

onsider the isotopy of H which moves this extra vertex around the edges
of H, while preserving the underlying hexagonal configuration. n particular,



/\ jii8 - €2 t=ji8 + &2
i8 -

t=j8+ &
ingularities in , can be avoided.
let , be the path defined by
V1,V , U3, Vg, Vs,V , tlvy v) if ¢t 1
v (t )(v ),V ,v3,04,050 ,0; ifl ¢ i,
v,o (t  )uvs v ),v3,v4,05 0,0 ifi t 3,
( ) (t) v ,U3,U3 ( 13 )(U4 U3)7U47U5:U y U1 if 2 l l:
U, Vs, Vg, Uy ( 13 )(US ’U4),U5,U y U1 lfl t 27
U , VU3, U4, V5, Vs ( 13 )(’U 7}5),?} » U1 lf§ t 27
v ,U3,04,U5,0 0 (t )(up v ), if% t -,
v ,V3,V4, U5,V ,V1, V1 l( 13 )(U Ul) if - t
ote that the singularities which occur for¢ 1, i, e % - can each be avoided

by deforming this underlying hexagon only an arbltrarlly small amount and
only for an arbitrarily small subinterval about each of these points, as shown
in igure . . The final configuration resulting from this isotopy is a heptagon
which coincides with the standard hexagonal trefoil with

<U7U3:U4:U5:val> ( ) )

This shows that contains a single component of right-handed trefoil
nots. y mirror symmetry, also contains a single component of left-






handed trefoil nots.
inally, suppose that H is a figure-eight not. Then the configuration

corresponds, up to mirror re ection and reversal of orientation, to one of five
distinct pro ections. igure . shows a deformation of the figure-eight not
passing through each of these pro ections. tarting with the pro ection at
the top right of igure . and proceeding in cloc wise order, v first moves
through the interior of 1 3 so that it lies on the other side of this triangle.

ext vy pushes through the interior of 5 , then vs moves across to the other
side of 1, and then v3 crosses through the interior of triangle 45 . inally
v1 moves through the interior of 34 to the other side of that triangle, at the
bottom left of the figure. At this point, the figure-eight not is the mirror
image of the starting position. n fact, antipodal positions on the figure are
mirror image of each other. Thus, the figure-eight mnot is achiral, and
has at most five path-components.

There is no path oining any figure-eight not and its reverse. n fact, any
deformation which changes the pro ection of a figure-eight not is already ac-
counted for in igure . . n ection . we develop an invariant of heptagonal
figure-eight nots which distinguishes between a figure-eight and its reverse (see
Theorem . and orollary . ). This shows that there are exactly two dis-
tinct types of figure-eight nots in . Therefore has exactly five
path-components, as desired. [J

uppose that H is
the heptagon wvy,v ,vs,v4,v5,v ,v . efine the functions 3(H) and (H)
as

3 sign((v v1) (v v) (v3 U1)),
sign((v v1) (v ) (v U1)>-

Then ;5 if the vertices v3 and v lie on the same side of the plane P
determined by v ,v;, and v , and 3 if v3 and v lie on di erent sides
of P. or a generic heptagon, the functions 1( 3 ) and 1( 3 ) are

-complementary, that is exactly one of these is ero, while the other is
et 34 denote the algebraic intersection number of edge vsv, with the triangle
1, using the usual orientations induced from H. imilarly define 45 and 5
as the intersection numbers of the triangle 1 with the edges v v5 and vsv |
respectively.
ote that if 5 , then v3 and v lie on the same side of the plane P so
that the three-edge lin age vsvyvsv will intersect P at most twice. urther-
more, if both of these intersections happen in the interior of  ; , they occur
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Heptagons with 3 and 34 45 5 are reducible.

with opposite orientations. Thus the sum 34 45 5 only ta es on values
-, 5, 0r

uppose that 3 and 34 45 5 . f the lin age vsvyvsv does
not intersect 1 at all, then H can be reduced to a hexagon by an isotopy
pushing v across the interior of  ; until it lies collinear with v and v . f
both vsvs and vsv cross through the interior of | , then the edge vyvs lies
entirely on the opposite side of P as v3 and v , as in igure . a. Then H
can isotoped by simultaneously moving vy and vy respectively along the edges
v3v4 and vsv , shortening these two edges until the edge v vs lies in the interior
of 1. wushing v; slightly will remove both intersections allowing H to be

reduced to a hexagon. Alternatively, suppose that two consecutive edges of

v3v4Usv  intersect the interior of | . y reversing orientation if necessary,
we can assume that wvsvy and wvyvs intersect 1 in opposite directions, as
in igure . b. either v;7v nor v v; will intersect 345, so that triangle is

pierced, if at all, by v v . ut this single intersection cannot prevent us from
deforming H by pushing v, through P and removing the two intersections with

1 . n particular, if 3 and s34 45 5 , then H cannot be a
figure-eight not, proving the following lemma.

f H is a heptagonal figure-eight not with 5 , then exactly
one of the intersection numbers 34, 45, Or 5 is non- ero. n particular, s4

45 5

n the other hand, suppose that H is a figure-eight not with 3 .
Then v3 and v lie on the opposite sides of the plane P so that the three-edge
lin age vyvgvsv intersects P an odd number of times. f there were only one
intersection, then the lin age v viv could be piecewise linearly isotoped into
a straight line segment, giving a hexagonal reali ation of a figure-eight not, a
contradiction. Therefore, vsv vsv intersects P three times. n particular, vzvy



and vsv must intersect in the same direction. Hence 54 5 will either be
ero or
uppose that H is a heptagon with 34 5 . There are two cases.
irst, suppose that both vzvs and vsv pierce 1 , and that v,vs intersects
P outside this triangle. y reversing orientations if necessary, we can assume
that vyvs crosses P next to viv , asin igure . a. Then v vz does not pierce
45 , for if it did, 1 3 would not pierced at all, defining an isotopy which
would reduce H to a hexagon. f vwsvy misses the interior of 5 then H is a
right-handed trefoil (see igure . b), and if vsv, intersects 5 then H is an
un not. oth cases give contradictions.
ext, suppose that v4vs intersects 1 and that vsv, and vsv cross P outside
this triangle.  ote that if v3v, crosses P in front of v;v then v v3 cannot pierce

45 (see igure . c¢). Thus if v v3 is to pierces 45 , then vsv must cross
P behind v v; however, in that case, H is either a trefoil (see igure . d)
or an un not (see igure . e), both contradictions. Thus v v does not cross

45 , and by similar reasons, v v does not cross 345. ut then H is a trefoil
not, contradicting our hypothesis. This proves the following lemma.

f H is a heptagonal figure-eight not with 3 , then
exactly one of the intersection numbers 34 or 5 is non- ero. n particular,

34 5

ith these two lemmas in place, we are ready to define an invariant of
heptagonal figure-eight nots.

The function

VI (T CRR I O T

is an invariant of heptagonal figure-eight mnots under geometric deformations.

uppose that some isotopy of H changes the value of . ince is
a manifold, we can assume that only one vertex passes through the interior of
1 at any one time, and that only one edge intersects the line segment v v
at a time, and that these two things happen at di erent times. ote that each
of these events will change the values of 34 4 5 and 34 5 by at most
one. y emmas . and ., can only ta e values of or- , and hence can
only change in increments of two. Therefore, if the values of 3 and  remain
constant through the isotopy, must also remain unchanged.
y reversing orientations if necessary, we can assume then that the deforma-
tion changes the sign of 3. n particular, let H be a heptagonal figure-eight
not with 3 .y pushing vs slightly towards v , we get a heptagon H with
3 let s, be the appropriate intersection number for this heptagon. n
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and 34 5 are reducible.



the other hand, we obtain a heptagon H with 3 by pushing v3 away

from v let 5, be the corresponding intersection number for this heptagon.
uppose that 54 . Then 5 by emma . ,and hence 5, 45

by emma . . ut then

o) ()

so that remained unchanged.

uppose, then, that 5, , so that 4, . Then by emma ., ;5
Thus 45 by emma . . ut edges vsvy and vyavs must intersect
from opposite directions, so that 45- Thus

( 34 45 5 ) 45 34 ( 34 5 )7

so that  again remained unchanged. Therefore = must remain constant
through any geometric deformation, as claimed. [

onsider the dihedral automorphisms of defined by
U1,V ,V3,V4,V5,V ,V V1,V ,V ,Us, V4, V3,V
U1,V ,V3,VU4,V5,V ,V U ,V3,V4,VU5,V ,V ,0U1 .

eversing the orientation on H via the map will reverse the orientations on
both the edges of H and the triangular discs that they define. n particular,

sa( H) 5 (H)
i5( H)  as5(H)
s (H)  aa(H).
n the other hand, not only switches the roles of 3 and ., but also their

signs
3( H) sign((v v1) (v wv) (v U1)),
sign((v v1) (v v) (v U1)) ;
(),
( H) sign((vg v)) (v v) (v U1)>,
sign ((U v1) (v wv) (vs Ul)) )
s(H).



