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ABSTRACT

An -sided polygon in can be described as a point in
by listing in sequence the coordinates of its vertices. In this way,
the space of -sided polygons embedded in three-space consists of
a smooth manifold in which points correspond to piecewise linear
or “geometric” knots, while paths correspond to isotopies which
preserve the geometric structure of these knots. The structure of
these spaces gives new notions of “geometric knot equivalence”
which are at least as strong as topological knot equivalence, al-
though not much is known about the converse. For instance, we
do not even know if there exist topological unknots which are
geometrically knotted.

The spaces of hexagons, heptagons, and octagons are ana-
lyzed, with special attention given to the number of components
that make up each space and to the topological knot types which
they represent. In the first two cases, we find five components,
although only three (when 6) or four (when 7) topolog-
ical knot types are represented. Therefore geometric equivalence
is strictly stronger than topological equivalence. In particular,
there are two geometrically distinct hexagonal right-handed tre-
foils and two geometrically distinct heptagonal figure-eight knots.
Unlike their topological counterparts, hexagonal trefoil and hep-
tagonal figure-eight knots are not reversible. In addition, the
space of equilateral hexagons with unit-length edges is also ana-
lyzed. The inclusion of this space into the larger class of hexagons
with arbitrary edge length maps hexagonal knot types bijectively;
however the kernel of this inclusion at the level of fundamental
group is shown to be non-trivial. Finally, for the case 8 the
possible topological knot types are classified, showing that except
for 8  the list of known octagonal knots is complete.
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1. AN INTRODUCTION TO GEOMETRIC KNOT T EORY

e live in a rigid world. In areas such as molecular biology and polymer
chemistry, the objects of interest (DNA molecules, for example) are not as
flexible as the smooth knots with which we usually model them. owever, until
recently the vast majority of work done in knot theory has dealt with smooth
knots. To quote John Conway, smooth knots are “sexier” than their homely
polygonal cousins. Nevertheless, starting around 1985, the application of knot
theory to chemistry and molecular biology has been an important catalyst
in the study of the more rigid knotted polygons. In recent years, Richard
Randell s work on molecular conformation spaces, as well as work by Yuanan
Diao, Kenneth Millett, Nicholas Pippenger, Janse van Rensburg, Jon Simon,
Chris E. Soteros, De  itt Sumners, Stuart  hittington, and others, has given
geometric knot theory some of the attention which it deserves.

This dissertation presents new results in the arena of geometric knots with
small number of edges. e begin with a short introduction to the terminology
of geometric knot theory, its history, and some of the questions which will be
answered. Then Chapters 2 and 3 develop geometric and combinatorial tech-
niques used to describe the class of hexagonal knots, i e the case when the
number of edges is 6 Chapter 4 expands these tools, utilizing them to
describe heptagonal knots ( 7) Finally, Chapter 5 generalizes the combina-
toric methods of the previous chapters for use with larger values of  providing
a classification of octagonal knots ( 8)

An -sided s atial oly on in  is a closed,
piecewise linear loop with no self-intersections consisting of  points of
called ertices joined by straight line segments, called ed es e think of an

-gon as the result of glueing sticks end to end to end. Define the minimal
stic num er () of atopological knot type  as the smallest number of edges
required to realize  as a knotted polygon 1, 23 .

ow many sticks are required to construct a knot

hat are the knot types with minimal stick number
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IGURE A hexagonal trefoil knot and a heptagonal figure
eight knot.

It takes at least six sticks to construct a knotted polygon. A trefoil can be
built with six sticks, while at least seven are required to build a figure-eight
knot. Thus (3 ) 6and (4) 7 Figure 1.1 shows projections of a hexago-
nal right-handed trefoil and a heptagonal figure-eight knot. Furthermore, every
five and six crossing prime knot (5 5 6 6 6 ) the square and granny knots
(3 3 ) the (3, 4)-torus knot (8 ) and the knot 8 can all be built us-
ing eight sticks. Figure 1.2 shows octagonal realizations of these knots. Since
only the trefoil and the figure eight can be constructed with fewer edges, all of
these knots have stick number () 8 owever, it remains an open question
whether this is a complete list of the eight-stick knots. Chapter 5 of this dis-
sertation rules out every possibility other than 8  which has a minimal stick
number of either 8 or 9. In addition to those knots in Figures 1.1 and 1.2, all
of the seven crossing prime knots (7 7) aswellasknots8 8 8 9
9 9 and9 are known to have nine-stick realizations, showing that these
knots have minimal stick number () 9

Formulae for stick number are known only for a couple of families of knots.
Firstly, if and are coprime integers with 2 2 the stick number
of the ()-torus knot is

(1.1) () 2

(Theorem 7 in 12 ). Note that this shows that (3 ) () 6 and that
(8 ) () 8 Secondly, the connected sum of any combination of






right- and left-handed trefoils has stick number

(1.2) 3 3 3) 2 4

(Theorem 7.1 in 2 ). Thus the square and granny knots have (3 3)
(3 3) 8 Thisis an improvement on the general case of a connected sum,
in which

(1.3) ( ) ) () 3

(Theorem 3.1 in 2 ).

Relatively little more is known about stick number. Negami 2 shows that
given a nontrivial knot  with crossing number ( )

(1.4) - () 2()
ere, the upper bound is obtained using results in graph theory, while the lower
bound is found by projecting an -sided polygon onto a plane perpendicular to
one of the edges. The result is an ( 1)-sided polygonal knot diagram having
at most -( 1)(  4) crossings. Completing the square and solving for
then gives the inequality in (1.4). Note that the trefoil knot is the only known
example for which the upper bound is tight. In fact, Furstenberg et al 9 show
that if  is a knot with a one-, two-, or three-integer Conway notation and
() 5 then this bound can be improved to

(1.5) ; () () 2

n the other side of the spectrum, Jin 12 uses Kuiper s superbridge index
() to obtain the lower bound

(1.6) 2. () ()

The superbridge index () is defined in 13 as the minimum over all embed-
dings of  of the largest number of local maxima obtained when projecting the
knot in any direction in Furstenberg et al 9 point out that no bound on
stick number () gotten from the superbridge index () can ever be very
e cient. A case in point is the family of two-bridge knots which, by (1.4), have
arbitrarily large stick number but whose superbridge index is bounded above
by seven: () 7 Nonetheless, (1.6) can lead to some interesting bounds.
For instance, if 2 then the ( )-torus knot has () min 2



(Theorem B in 13). A systematic construction of polygonal realizations of
torus knots then shows that, if 2 then

(1.7) 2min{2 } () Fl

(Corollary 5 and Theorem 8 in 11 ). ere, the “ceiling brackets” denote round-
ing up, so that min : Notice that in the special case when
2 1land 3 1 we have 2min 2(2 1) 3 1 6 2 while

2 1[——] 6 3 Therefore,
(1.8) 6 2 ) 6 3

for any positive integer (Corollary 9 in 11 ).

Although here () is defined in the general setting of polygons with ar-
bitrary edge lengths, similar notions of minimal stick number exist for more
special sorts of “geometric knots.” For instance, one might restrict attention to
polygons with unit-length edges, with vertices on the integral lattice with
restricted vertex angles, or with vertices on the unit-radius sphere about the
origin. In this way, stick number might well depend upon the specific type
of geometric knot under consideration. For example, Diao 7 has shown that
the trefoil knot requires 24 edges for its vertices to lie on the lattice  and its
edges to have unit length. Later, we shall give special attention to equilateral
polygons, in which case we could consider the minimal e wilateral stick number
of a topological knot type At this time, however, there are no knot types
known to have equilateral stick numbers which are different from their standard
stick numbers.

Does minimal stick number depend on whether we use unit-
length edges or arbitrary length edges

The general framework for the space
of geometric knots was introduced by Randell 21, 22. Consider an -sided
polygon in together with a distinguished vertex, or root  and a choice
of orientation. e can view as a point of by listing the triple of coordi-
nates for each of its  vertices, starting with  and proceeding in sequence as
determined by the orientation.

In the spirit of assiliev 3, 27 , define the discriminant to be the collec-
tion of points in which correspond in this way to non-embedded polygons.
A polygon fails to be embedded in ~ when two or more of its edges intersect, so

v i i i i i i



is the union of the closure of - ( 3) real semi-algebraic cubic varieties,
each consisting of polygons with a given pair of intersecting edges. For ex-
ample, the collection of polygons for which intersects
is the closure of the locus of the system

( ) ( ) ( )
( ) ( ) ( ) )
( ) ) ( ) )

In particular, the closure of each of these semi-algebraic varieties forms a
codimension-1 submanifold (with boundary) of ence the subspace

corresponding to embedded polygons is an open 3 -manifold which we will call
the em eddin s ace of rooted oriented -sided geometric knots.

A path 1 corresponds to an isotopy of polygonal sim-
ple closed curves, so each path-component of contains polygons of the
same topological knot type. If two polygons lie in the same path-component of

we will say they are eometrically e ui alent Also, a polygon is eomet
rically un notted if it is geometrically equivalent to a standard planar polygon;
since all planar -sided polygons are geometrically equivalent, the component
of geometric unknots is well-defined.

The geometric equivalence of two knots implies their topological equivalence.

owever, not much is known about the converse. For instance, it is unknown
whether there exist topological unknots which are geometrically knotted. In
fact, until recently there were no known examples of any topological knot type
corresponding to two distinct geometric knot types.

ow many distinct geometric (or topological) knot types are
there in as a function of

hat can be said about the topology of the components of these
knot spaces

A classical theorem of  hitney guarantees that, for each ~ there are only
finitely many geometric knot types 28 . Furthermore, it is a “folk theorem”
that consists of a single path-component when 5 Since triangles
are planar, the embedding space of rooted oriented triangles is con-
nected. A quadrilateral (tetragon) consists of two triangles hinged along a
common edge; since we can change the dihedral angle at the hinge to flatten

i i i i



IGURE All pentagons are geometric unknots.

the quadrilateral out, we find that is also connected. Finally, suppose
that is some pentagon. If the edge intersects the
triangular disc determined by vertices and then  can be deformed
by an isotopy of the linkage across the disc determined by and

until it coincides with the quadrilateral (see Figure 1.3a). n
the other hand, if the edge does not intersect that triangle, then  can be de-
formed by an isotopy of across the triangular disc determined by
and  until it coincides with the quadrilateral (see Figure 1.3b).
In either case, can then be pushed into a plane just like a quadrilateral.
Therefore the space of pentagons is connected, as well.

The situation when 6 is described in Chapter 2 and in 4 . In this case,
we have to contend with the hexagonal realizations of the trefoil knot. Recall
that trefoils are chiral, i e topologically different than their mirror image. This
means that every hexagonal trefoil will lie in a different component of
than its mirror image. Therefore, there must be at least three distinct path-
components in corresponding to the unknot, the right-handed trefoil,
and the left-handed trefoil. The embedding space contains, in fact,
five path-components. These consist of a single component of unknots, two
components of right-handed trefoil knots, and two components of left-handed
trefoil knots. Thus there are two distinct geometric realizations of each type
of topological trefoil. In particular, hexagonal trefoil knots are not reversible:
In contrast with trefoils in the topological setting, reversing the orientation
on a hexagonal trefoil yields a different geometric knot (Corollary 2.4).  ence
geometric knottedness is actually stronger than topological knottedness.

It turns out that the distinction between the two geometric types of right-
handed trefoils is a consequence of our original choice of root. If we eliminate
this choice by taking the quotient of modulo the action of the dihedral
group of order 12, we find that the spaces of non-rooted oriented hexagonal
knots and of non-rooted non-oriented hexagonal knots each consist of three
components (Corollary 2.6). Randell has reported another approach, using a



spectral sequence analysis, confirming these results. Nevertheless, the fact
that consists of five components may prove to be relevant to questions
about the topology of some macromolecules. For example, in DNA there are
intrinsic base points and orientations due to the sequences of base pairs, and in
this setting the geometric knot types arising from may well play some
biological function.

The classification of hexagonal knots is completed by means of the oint
chirality curl  a combinatorial invariant which distinguishes between all five
components of In particular, takes values as follows:

() iff is an unknot,
1 1) iff is a right-handed trefoil,
(1 1) iff is aleft-handed trefoil.

Reversing orientation on a hexagon will change the sign of the second coordinate
of  while taking mirror its image will change the sign of both coordinates.

The minimal stick number for the figure-eight knot is (4 ) 7 Thus, the
space contains at least four path-components corresponding to the un-
knot, the right- and left-handed trefoil knots, and the figure eight knot. Topo-
logically, these are the only four knots that can occur with seven edges. In
Chapter 4 we show that there are five heptagonal knot types, two of which
correspond to the figure-eight knot (Theorem 4.1). In fact, heptagonal trefoil
knots are achiral but not reversible. This is another example demonstrating
the difference between topological and geometric knottedness.

Unlike the hexagonal trefoils, though, the irreversibility of heptagonal figure-
eights does not depend on our choice of root. In fact, whereas the space of non-
rooted non-oriented embedded heptagons consists of four path-components,
the quotient space of non-rooted oriented embedded heptagons consists of five
path-components (Corollary 4.7).

f the nine knot types known to have stick number () 8 (see Figure 1.2),
only two are achiral. Together with the four topological knot types which

already occur in this gives at least 2 path-components in The
exact number of geometric — or, for that matter, topological — knot types that
can occur when 8 has been, until now, unknown. In Chapter 5 we show

that, except for the possibility of 8  the eight-stick knots are exactly those in
Figure 1.2.



A path in the embedding space
corresponds to a deformation which can stretch or shrink the edges of a poly-
gon. This type of deformation might be unrealistic when one uses geometric
knot theory to model phenomena like DNA molecules. In such cases, we may
want a stronger notion of “geometric knot theory” in which the length of the
edges remain invariant under deformation. Depending on the relative size of
the edges, this new notion of knottedness may actually be different than the
more general geometric knottedness described in Section 1.2 above. For in-
stance, Cantarella and Johnston in 6 show that for certain choices of edge
length, there are “stuck” hexagonal unknots, i ¢ polygons which are topolog-
ically unknotted but cannot be made planar via geometric deformations that
preserve edge lengths.

Let us restrict our attention to the class of equilateral polygons and to
deformations which preserve the lengths of their edges. Define the embed-

ding space of -sided e wilateral mnots as the collection of polygons
in with unit-length edges. Therefore is a
codimension- quadric subvariety of defined by the equations
1
Consider the map given by the -tuple
( ) )
The point (11 1) is a regular value for  (Corollary 1 in
Randell 22 ), so that ( )is a2 -dimensional smooth submanifold
which intersects a number of the components of some perhaps more
than once.
e will say two polygons are e wilaterally e ui alent if they lie in the same
component of and that a polygon is an e wilateral un not if it is equi-

laterally equivalent to a standard planar polygon. Millett has shown that all
planar polygons are equilaterally equivalent, so the component of equilateral
unknots is well-defined.

6 Are there values of for which the number of path-components in

and differ This can occur if there exist either (i) topological knot

types which are realizable only by “scalene” -sided polygons, or (ii) distinct
equilateral isotopes of the same geometric knot type.

ow does the topology of the space of equilateral knots compare
with that of the space of geometric knots



As in the geometric case, the space of triangles is connected; in fact,
consists of rotations and translations of a rigid equilateral triangle and

is thus homeomorphic to (3) All rhombi (equilateral quadrilaterals)
are equilaterally unknotted, since we can view a rhombus as the sum of two
isosceles triangles “hinged” along one of the diagonals of the rhombus. For

instance, a thombus corresponds to the sum of the triangles

and e can move  and keep 1

by rotating the triangular linkage about the axis through and  until
lies completely in a plane. ence is connected.

Randell showed in 22 that any equilateral pentagon can be deformed to
a planar one without changing the length of any of its edges. For suppose
is an equilateral pentagon. Let  be the plane determined

by vertices and If separates  from then either

(i) both  and  lie on one side of the plane containing and  or

(ii) both  and  lie on one side of the plane containing and
Thus, after relabeling, we can assume that both  and  lie to one side of

In this case, rotate the triangular linkage about the axis through

and  until it lies coplanar with e can then deform the quadrilateral
linkage in its plane until it misses the line through  and ; this
is easy to achieve since the set of quadrilateral linkages embedded in
the plane forms a connected one-parameter family described entirely by the
angle e can then rotate the linkage about the axis through

and  until the entire pentagon lies in a single plane. Since any equilateral
pentagon can be flattened out, must also be connected.

Consider the case when 6 There are equilateral examples of each of the
five types of hexagons in so that must intersect each of the five
components of at least once. Millett and Rosa rellana showed that

contains a single component of unknots; therefore any topologically un-
knotted equilateral hexagon can be deformed to a planar one without changing
the length of any of its edges. Chapter 3 and 4 complete the study of equi-
lateral hexagons, showing that any two equilateral hexagons are equilaterally
equivalent exactly when they are geometrically equivalent. Therefore,
contains exactly five path-components, consisting of a single component of un-
knots, two components of right-handed trefoil knots, and two components of
left-handed trefoil knots (Theorem 3.1). As with the joint chirality-curl
distinguishes among these components. Nevertheless, each component of
trefoils in contains essential loops which are null-homotopic in
so that the inclusion has a nontrivial kernel at the level of
i i i i ii i
i i i



IGURE Growth in the number of distinct MFLY poly-

nomials observed in plotted as a function of
fundamental group. Thus, the trefoil components of are not homotopy
equivalent to those in (Theorem 3.7). In particular, this shows that,

despite the fact that equilateral and geometric knot types coincide in the case
6 the two notions of knottedness are quite different in nature.

hereas the complexity of the knot
spaces and has proven to be very di cult to penetrate analyti-
cally, some progress has been achieved by exploring these spaces probabilis-
tically, i e by selecting a large number of “random” configurations in these
spaces. As the size of the sample of this Monte Carlo search increases, one
obtains a better understanding of the spaces, the topological knot types real-
ized, and the minimal stick numbers of those knots. ne such Monte Carlo
experiment is described in 5.

In this experiment, a large sample of “random” polygons was generated by
computer. The topological knot types of each random polygon was determined
via the MFLY polynomial invariant of knots. The MFLY polynomial is
a finite Laurent polynomial with integer coe cients in two variables, and
associated with each topological knot type 8, 14, 15 . For the 2977 prime knots

i i



ABLE Conjectured geometric stick numbers () for knots
with nine or fewer crossings.

3 8 11 9 14
8 11 9 14
3 6 8 12 9 12
8 9 9 15
4 7 8 9 9 12
8 9 9 12
5 8 8 8 9 12
5 8 8 8 9 15
8 9 9 13
6 8 3 5 12 9 13
6 8 3 5 11 9 12
6 8 3 5 12 9 12
3 3 8 3 5 12 9 12
3 3 8 4 4 11 9 13
9 14
7 9 9 13 9 14
7 9 9 14 9 15
7 9 9 12 9 13
7 9 9 14 9 9
7 9 9 13 9 9
7 9 9 13 9 9
7 9 9 12 9 1
3 4 1 9 13 9 1
9 13 9 1
8 1 9 13 9 9
8 11 9 13 9 12
8 12 9 12 9 12
8 1 9 13 9 11
8 12 9 14 3 6 13
8 12 9 11 3 6 13
8 12 9 14 3 6 14
8 11 9 14 3 6 14
8 12 9 13 3 6 13
8 12 9 13 4 5 14
8 1 9 13 4 5 15
8 12 9 14 3 3 3 1




ABLE Conjectured equilateral stick numbers () for knots
with nine or fewer crossings.

3 7 11
7 1
3 6 7 11
7 11
4 7 7 11
3 4 11
) 8
) 3 8 12
8 12
6 8 8 12
6 8 8 12
6 8 8 9
3 3 9 8 8
3 3 8 8 1
7 9 9 9
7 12 9 1

represented with fewer than 13 crossings there are only 76 cases that have the
same constant term as the trivial knot. By considering the entire invariant,
these are easily eliminated. Furthermore, most though not all chiral knots
are distinguished by their MFLY polynomial.  Thus, although there are
small families of knots having the same invariant, the MFLY polynomial is
a good assay for determining topological knot type when dealing with small
crossing and stick numbers. For a first estimate, distinct MFLY polynomials
were used as a surrogate for distinct topological knot type.

Figure 1.4 shows a plot of the number of distinct MFLY polynomials
observed in as a function of  Note that growth in the number of
polynomials gives an estimate of the number of knot types represented. This
data clearly indicates the exponential growth in the topological knot types as
a function of

Table 1.1 displays the observed stick number () for all knots with nine or
fewer crossings.  here possible, exact results, such as those discussed in Sec-
tion 1.1, are given; these are marked by stars ( )  therwise, the table indicates



