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Characterizing Polygons in R3

Jorge Alb erto Calvo

Abstra ct. For a given positiv e integer n � 3, the collection of n-sided poly-
gons embedded in three-space, together with their deformations, gives a \geo-
metric" theory of knots. In fact, considering (i) deformations which change
the length of the edges of the polygons, versus (ii) deformations which pre-
serve these lengths in equilateral polygons, yield two distinct theories. Here we
present a series of open questions pertaining to these geometric knot theories.
Some are broad in scope and lie at the core of the theory. Others are more
computational, and present the next steps in a program towards understanding
the geometric nature of these theories.

Supposethat we take a collection of n line segments and glue them end to end,
forming an embeddedpiecewiselinear loop in R3. The simple closedcurve formed
by the union of the line segments will be a polygonal realization of some(possibly
trivial) knot K . By taking a large enough number of segments, we can construct
polygonal representativ esof any knot type. However, if we look at polygons with
only a small number of edges, then we will restrict the types of knots we can
construct, in one senseobtaining only the simplest of knots.

By insisting that all deformations of theseknotted polygonspreserve both the
piecewiselinearit y and the number of edgesof a knot, we obtain a stricter notion
of knot equivalencethan traditional knot theory allows. We will call two n-sided
polygons \geometrically equivalent" if one can be transformed into the other by a
deformation of this type. The additional requirement that the lengths of the edges
of a polygon remain constant throughout a deformation producesyet another \knot
theory." In the speci�c caseof equilateral polygons, we say two knotted polygons
are \equilaterally equivalent" if there is a deformation transforming one knot into
the other which only passesthrough equilateral polygons.

The two fundamental questionsthat we ask when facedwith these\geometric
knot theories" are:

Question 1. What is the smallestnumber of edgesrequired to build a polygon
of a particular knot type K ?

Question 2. How many \di�eren t" polygons with a given number n of edges
represent K ?
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In the following pageswe present several approachesfor answering theseques-
tions. Most of the results at hand are preliminary in nature and prompt more
questionsthan they answer.

One of the most intriguing approaches to �nding a (partial) answer to Ques-
tion 1 involves�nding relationships betweenthe number of edgesrequired to build
polygonal representativ esof a particular knot type and other classicalknot invari-
ants such as the bridge number or the superbridge number. We begin by taking a
closer look at the association betweena knot's crossingnumber and its \p olygonal
index."

Let K be a knot. Recall that its minimal crossing number c(K ) is de�ned as
the least number of crossingsin any genericprojection of K to a plane or sphere.
In a similar way, we de�ne the minimal polygonal index p(K ) of a knot K as the
smallestnumber of segments in any polygonal realization of K . If a minimal polygon
representing K is projected on a plane, then each edgecan crossevery other edge
except its two neighbors. Thus a quick computation revealsthat

(1) c(K ) �
p(K )(p(K ) � 3)

2
:

By choosing a plane perpendicular to an edge, we can restrict our attention to
projections with no more than p � 1 edges.Thus

(2) c(K ) �
(p(K ) � 1)(p(K ) � 4)

2
:

By solving (2) for p and utilizing results from graph theory, Negami [6] obtains the
following well-known inequalities:

(3)
5 +

p
8c(K ) + 9

2
� p(K ) � 2c(K ):

The upper bound in (2) is hardly ever minimal. In fact, if p is odd, a (p � 1)-
sided knot projection will actually have at most 1

2 (p � 2)(p � 5) + 2 crossings.The
situation can be slightly improved (at least for knots with small polygonal indices)
by the following theorem, which we prove by considering generic projections to
spheres.

Theorem 1. [4] For any knot K ,

(4) c(K ) �
(p(K ) � 3)(p(K ) � 4)

2
:

Consequently ,

(5)
7 +

p
8c(K ) + 1

2
� p(K ) � 2c(K ):

Pr oof. Let P = hv1; v2; v3; : : : ; vn i be a polygonal realization of the knot K .
By relabeling the vertices of P in sequence,if necessary, we can assumethat v1 is
a point on the boundary of the convex hull spannedby the vertices of P: In this
case,we can �nd a plane P1 which intersectsP only at the vertex v1; with P lying
entirely on one side of P1:

Let S be a large sphere centered at v1 and enclosing all of P; and consider
the image of the radial projection � : P � f v1g ! S. By our choice of v1, this
image lies entirely in a hemisphereof S cut by the equator S \ P1. Furthermore,
note that the interiors of edgesv1v2 and v1vn are respectively mapped to the single
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points � (v2) and � (vn ). Thus, by picking a genericpolygon P, we can assumethat
� = � (P � f v1g) is a graph consisting of a chain of n � 2 great circular arcs on S
intersecting in four-valent crossings.

Suppose that � has c crossings. Since � is contained in a single hemisphere
of S; a pair of its arcs will intersect at most once. Furthermore adjacent arcs
cannot intersect, so each one of the n � 4 interior arcs � (v3v4); : : : ; � (vn � 2vn � 1)
can intersect at most n � 5 other arcs, while each of the extreme arcs � (v2v3) and
� (vn � 1vn ) can intersect at most n � 4 other arcs. Hence

(6) c �
1
2

�
(n � 4)(n � 5) + 2(n � 4)

�
=

(n � 3)(n � 4)
2

:

Unfortunately , � is not a knot projection for K . However, we can deform K in
a small neighborhood of v1 so that we do obtain a (spherical) knot projection for
K with no more than 1

2 (n � 3)(n � 4) crossings.
Let � > 0 be small enough that the closed� -ball B� centered at v1 intersects

the polygon P in exactly two small segments of the edgesv1v2 and vn v1, as shown
in Figure 1(a). Supposethat the edgev1v2 intersects the sphere@B� at the point

(a) (b)

(c) (d)

Figure 1. Deformation of P inside a small � -ball about v1:
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q1. Furthermore, let q2 be the point where the equator @B� \ P1 intersects the
half-plane containing v2 and bounded by the line determined by v1 and v3. Then
we can deform the segment q1v1 so that it curvesalong a great circle path � 1 from
q1 to q2 and then proceedsin a straight line path to v1. SeeFigure 1(b). Note that
since the arc � 1 lies on the sameplane through v1 as v2v3, then � (� 1) [ � (v2v3)
forms a single great circle tra jectory on S from � (v3) to � (q2). Thus, after this
deformation, the upper bound on the total number of crossingsgiven in (6) still
holds.

Similarly, let q3 be the point of intersection betweenthe equator @B� \ P1 and
the half-plane which contains vn and is bounded by the line determined by v1 and
vn � 1, and let q4 be the point at which the edge vn v1 intersects @B� . Then the
segment v1q4 can be deformed so that it travels in a straight line path from v1 to
q3 and then curvesalong a great circle path � 3 from q3 to q4: SeeFigure 1(c). As
before,the arc � 3 lies on the sameplane through v1 asvn � 1vn , so� (vn � 1vn ) [ � (� 3)
forms a single great circle tra jectory on S from � (vn � 1) to � (q3). Therefore the
upper bound in (6) still holds after this deformation.

Finally, isotope P by moving v1 into the interior of the triangle 4 q2v1q3 while
curving the segments q2v1 and v1q3 until they coincide with a single arc � 2 along
the equator @B� \ P1, as in Figure 1(d). This �nal transformation turns P into a
non-polygonal embedding of the sameknot type; the new embedding agreeswith
P outside of the ball B� but completely avoids its interior. In the meanwhile, the
image under � of this embedding is a spherical knot projection � 0 consisting of the
n � 2 arcs of � (with its ends extended by � (� 1) and � (� 3)), together with an
(n � 1)th arc � (� 2) running along the equator S \ P1 and joining the endpoints
� (q2) and � (q3). Since� is contained entirely on onesideof the equator; � (� 2) does
not crossany other arcs. Hencethe new projection has no more crossingsthan it
did before the last deformation.

Supposing that P is a minimal polygon representing K , this proves(4). Com-
pleting the squareand solving for p(K ) then givesthe lower bound in (5). �

The lower bound in (5) does not provide much of an improvement over (3);
the di�erence is always lessthan one. On the other hand, (4) does provide some
useful information, at least for small polygonal indices. For instance, if p(K ) � 5
then c(K ) � 1. Since the minimal crossing number of any non-trivial knot is at
least three, this shows that any quadrilateral or pentagonal con�guration must be
unknotted. Furthermore, since the hexagonwith coordinates

h(1; 0; 0); (4; 0; 0); (1; 6; 2); (0; 2; � 5); (5; 2; 5); (4; 6; � 2)i

is a realization of a right-handed trefoil, then we have p(31) = 6. On the other
hand, if p(K ) = 6 then c(K ) = 3. Thus, every hexagonalknot is either a trefoil or
an unknot. Sincethe coordinates

h(1; 0; 0); (7; 0; 0); (3; 4; 1); (7; 4; � 2); (4; 1; 2); (0; 5; � 7); (6; 5; 0)i

give a heptagonal realization of a �gure-eight knot, then we also have p(41) = 7.
For polygonal indices higher than 6, the upper bound in (4) becomeslessand

lesse�ectiv e, as the rigidit y of the straight edgesprevents the construction of knots
with high crossingnumber. For example, even though the upper bound does not
excludethe possibility for heptagonal knots with crossingnumber 5 or 6, theseare
in fact impossible to construct. Let c(n) be the largest minimal crossingnumber
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Table 1. A comparisonbetweenthe predicted and observedcross-
ing numbers among knots with polygonal index p or less.

p (p � 3)( p � 4)
2 c(p)

3 0 0
4 0 0
5 1 0
6 3 3
7 6 4
8 10 8
9 15 ???

observed among all of the knots with polygonal index p or less. Table 1 gives the
valuespredicted by the upper bound above together with the actual valuesof c(p)
for each polygonal index p.

Question 3. Is there a better upper bound for c(p)?

Notice that all of the upper bounds presented are �( p2). 1 Theorem 8.2 in [1]
assertsthat the polygonal index for the (n; n � 1)-torus knot is p = 2n; since this
knot has crossing number c = n(n � 2), then c(p) must grow like a quadratic at
least when p is even.

Question 4. Is c(p) = �( p2)?

To show that the �gure-eight knot is the only knot with polygonal index seven,
we consider the spherical projections � 0 obtained in the proof of Theorem 1. Sup-
posethat K is a heptagonal knot with minimal crossingnumber 5 or 6. Using the
samenotation as in the proof of Theorem 1, we can deform K in a neighborhood
of v1 so that its projection � 0 on S consistsof six great circular arcs, one of which
forms part of the equator S \ P1. By bumping � (� 2) slightly up from the equator
and projecting from v1 to a plane parallel to P1, we can view � 0 asa planar diagram
consisting of �v e straight segments and one large circular arc. Figure 2 shows one
such con�guration.

Up to mirror images,relabeling of vertices, and choice in over-crossings,there
are only four such diagramsobtained in this way having �v e or six crossings.Care-
ful scrutiny over the possiblecon�gurations shows that only unknots, trefoils, and
�gure eight knots are possible. In particular, the con�guration in Figure 2 is impos-
sible sinceits edgesweave over and under each other more than piecewiselinearit y
allows. To seethis, let P345 be the plane de�ned by v3; v4; and v5. Sinceedgev5v6

crossesover v3v4, vertex v6 must live above P345. Similarly, v2 must lie above P345

sincev2v3 crossesover v4v5. This meansthat edgev6v7 starts above the plane P345

at v6; intersectsthe plane oncebeforecrossingunderneath v3v4, and then intersects
the plane a secondtime before crossingover v2v3.

It is fairly simple to build every �v e or six crossingknot (including the square
and granny knots), as well as the knots 819 and 820, out of eight segments. We will
show that theseare the only possibleoctagonal knots. In particular, the knot 818

pictured in Figure 3 is impossibleto construct. We begin with two lemmas.

1�( f (n)) refers to the class of functions that is bounded both above and below by a constant
multiple of f (n). Th us, g(n) = �( n2 ) if there are constants b1 ; b2 for which b1n2 � g(n) � b2n2

for all n.
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Figure 2. Planar projection of the graph � 0 corresponding to a
heptagonal knot 62.

Figure 3. This octagonal embedding of the knot 818 cannot be
constructed with straight edges.

Lemma 2. [2]
(i) If K is a non-trivial octagonal knot, then it is one of the following knots:

31, 41, 51, 52, 61, 62, 63, 31 + 31, 31 � 31, 818, 819, or 820.
(ii) If K is an octagonal 818 knot, then its associated graph � 0 must look (up

to a mirror imagere
ection or a reversal in the order of the vertex labels)
like the one pictured in Figure 4.

Pr oof. The details, which appear in [2], consist of an enumeration of all
possiblecon�gurations of graphs � 0 leading to knots with crossingnumber greater
than 7, and the elimination of all those which are clearly impossible. Of those
that remain, only the con�guration in Figure 4 leadsto a knot which has not been
previously observed as an octagon. �
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Figure 4. Planar projection of the graph � 0 corresponding to an
octagonal knot 818.

Lemma 3. If the polygonal index of the knot 818 is eight then we can construct
an immersedoctagon G0 = hw1; w2; w3; : : : ; w8 i with exactly seven transverseself-
intersections,as indicated below:

(7)

w2w3

w7w8

w4w5

w1w2

w6w7

w3w4

w8w1

intersects

w5w6

w2w3

w7w8

w4w5

w1w2

w6w7

w3w4

:

Additionally , we can arrange it so the two quadruples of points f w1; w5; w6; w8g
and f w1; w2; w4; w8g are in generalposition.

Pr oof. Consider an octagonal realization G = hv1; v2; v3; : : : ; v8i of the knot
818. By Lemma 2, we can assumethat the vertices of G are labelled as in the
projection in Figure 4. Notice that both v4v5 and v5v6 crossunder the edgev2v3.
Thusboth of theseedgesintersect the interior of the triangular disc4 123. Similarly,
both v2v3 and v3v4 crossunder the edgev7v8, sothey both passthrough the interior
of 4 781.

Replacev8v1v2 by a single edgev8v2. Then v4v5 must crossunder v8v2; other-
wise let P be the plane containing v7; v8, and v2. Then v2v3 will have to bend as
it leavesthe plane P at v2, travels above this plane when it crossesover v4v5, and
then ducks below the plane as it crossesunder v7v8. SeeFigure 5(a). Notice that
this meansthat v3v4 also crossesunder v8v2; otherwise v4 will lie above the plane
P and v4v5 will have to bend as it leaves v4, travels below P as it passesunder
v8v2 and v2v3, and then jumps above P as it crossesover v7v8. SeeFigure 5(b).
Therefore both v3v4 and v4v5 crossthrough the interior of the triangular disc 4 812.

By shifting the vertex labels and projecting from v1 onceagain, we obtain the
samepicture with the samelabels. In particular, shifting by

s2 : hv1; v2; v3; : : : ; v8 i 7! hv3; : : : ; v8; v1; v2 i
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will replacev1 by v3, which clearly lies on the boundary of the convex hull of the
vertices. SeeFigure 4. The label shift replacesthe disc 4 781 with 4 123 and the
two-edgelinkage v2v3v4 with v4v5v6, so that we seethe sametwo edgesintersect
the sametriangular disc. Therefore if we project from v3, we will obtain exactly
the samegraph � 0 with exactly the sameset of intersections. This meansthat v8v1

and v1v2 crossthrough the interior of 4 567 while v1v2 and v2v3 crossthrough the
interior of 4 678. Continuing in this fashion, we seethat in G:

(8) the edges

v4v5; v5v6

v5v6; v6v7

v6v7; v7v8

v7v8; v8v1

v8v1; v1v2

v1v2; v2v3

v2v3; v3v4

v3v4; v4v5

intersect the open disc

4 123

4 234

4 345

4 456

4 567

4 678

4 781

4 812

transversely.

Consider the deformation Gt = hv1; (1 � t)v2 + tv1; v3; : : : ; v8 i which starts at
G0 = G and pushesv2 along a straight-line path towards v1. This homotopy will
give embedded octagons of the same knot type as G until it intro duces a self-
intersection, say at time t = a. Let w2 be the secondvertex in Ga . Note that Gt

will be a realization of the knot 818 for every t 2 [0; a), and therefore will have the
same intersections as indicated in (8). Furthermore, since Ga is arbitrarily close
to an embedded 818, it, too, will have the sameintersections as in (8), except of
coursefor w2v3 which will intersect v4v5, v5v6, or both. SeeFigure 6.

Supposethat w2v3 intersectsv4v5, so that v5 lies on the sameplane as w2; v3,
and v4, on the exterior of the triangle 4 234. Recall that for t 2 [0; a), the edgev5v6

must pierce through the interior of 4 234. Thus in Ga , this edgemust intersect the
closure of this disc. This implies that w2; v3; v4; v5, and v6 are all coplanar. See
Figure 6(b). However, this implies that in G, edgev5v6 does not pierce the inte-
rior of 4 234, giving us a contradiction. Therefore Ga has a single self-intersection
betweenedgesv2v3 and v5v6.

(a) (b)

Figure 5. Two impossiblecon�gurations.
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(a) (b)

Figure 6. The edgew2v3 will intersectseither v5v6 or v4v5.

We cancontinueperforming local deformations. Arguing asabove, wecanshow
that a homotopy which pushes

v2

v7

v4

v1

v6

v3

v8

toward

v1

v6

v3

v8

v5

v2

v7

will create a single intersection betweenthe edges

v2v3; v5v6

v7v8; v2v3

v4v5; v7v8

v1v2; v4v5

v6v7; v1v2

v3v4; v6v7

v8v1; v3v4

:

Furthermore, performing thesehomotopies in sequencewill not remove any of the
pre-existing self-intersections, and each of these homotopies will preserve the in-
tersections in (8), with the caveat that (with the exception of v8v1) edgeson the
left-hand column actually intersect the boundary of the corresponding disc.

Let wi denote the �nal position of the i th vertex after we move it, i.e. the
position at which it �rst createsa self-intersection; also, let w1 = v1. Then, once
wehaveperformedall sevendeformations,wewill have intro ducedthe sevendesired
self-intersections.

Finally, note that since the deformations preserved the transversality in (8),
w8w1 and w3w4 still have transverse intersections with 4 456 and 4 812, respec-
tiv ely. The �rst of these intersections occurs in the interior of the triangle, so
f w1; w5; w6; w8g is in general position. The secondof these intersections occurs
along the edgew8w1, so f w1; w2; w4; w8g is also in generalposition. �

Wenow appeal to the contrap ositiveof this lemma, showing that such a singular
octagon { and hencethe embeddedoctagonal 818 shown in Figure 3 { is impossible
to construct.

Theorem 4. p(818) = 9.

Pr oof. First of all, we note that it is a trivial exerciseto construct a nine-
sidedknot 818 from Figure 3 by adding a vertical edgeat oneof the outer \p oints"
of the star. Thus p(818) � 9.

Suppose, then, that p(818) = 8 and let G0 be the immersed octagon from
Lemma 3. Since the quadruple of vertices f w1; w2; w4; w8g is in general position,
w1 � w4; w2 � w4, and w8 � w4 are linearly independent vectors. Thus, by translating
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in R3 and applying an appropriate linear transformation, we can assumethat w4 =
(0; 0; 0); w1 = (1; 0; 0); w2 = (0; 1; 0), and w8 = (0; 0; 1).

Recall that w3w4 intersects w8w1. Thus w3 must lie in the plane containing
w4; w1, and w8:

y = 0:

Therefore w3 = (a; 0; b) for an appropriate choice of parametersa and b. Similarly,
w4w5 intersectsw1w2, so w5 must lie in the sameplane as w4; w1, and w2:

z = 0:

This meansw5 = (c;d;0) for an appropriate choice of parameters c and d. Now
w7w8 intersectsw4w5 so w7 must lie in the plane containing w4; w5, and w8:

dx = cy:

Simultaneously, w7w8 intersectsw2w3 sow7 must lie in the plane containing w2; w3,
and w8:

(1 � b) x + a y + a z = a:

Thus for someparameter e, we have w7 = (ace;ade;1 � ce+ bce� ade). Finally,
consider the coordinates for the vertex w6. Since w5w6 intersects w2w3, w6 must
lie in the plane containing w2; w3, and w5:

(bd� b) x � bcy + (a � ad � c) z = � bc:

Additionally , w6w7 intersects w1w2, so w6 must also lie in the plane containing
w1; w2, and w7:

(1 � ce+ bce� ade) x + (1 � ce+ bce� ade) y + (1 � ace� ade) z

= 1 � ce+ bce� ade:

Finally, w6w7 also intersects w3w4, so w6 must lie in the plane containing w3; w4,
and w7:

bdex + (1 � ce� ade) y � adez = 0:

It is then easy to check that these three equations are linearly independent and
hencedetermine the coordinates for w6.

Now consider the plane containing w1; w5, and w8:

dx + (1 � c) y + dz = d:

The matrix
0

B
B
@

bd� b � bc a � ad � c � bc
1 � ce+ bce� ade 1 � ce+ bce� ade 1 � ace� ade 1 � ce+ bce� ade

bde 1 � ce� ade � ade 0
d 1 � c d d

1

C
C
A

has determinant zero and rank 3, so the fourth row is a linear combination of the
previousthree. However this meansthat w6 lies in the sameplaneasw1; w5, and w8.
But this contradicts the condition from Lemma 3 that f w1; w5; w6; w8g is in general
position. Therefore neither G0 nor any octagonal 818 can be constructed. �

As we mentioned earlier, we are sometimesinterested in restricting our atten-
tion to equilateral polygons. This leadsto a new notion of polygonal index, which
we might call the equilateral polygonal index of a knot K , pEqu (K ), equal to the
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least number of edgesrequired for an equilateral representation of K . Immediately
we obtain

(9) p(K ) � pEqu (K ):

No examplesare known for which equality doesnot hold. However, we do have
(approximate) coordinates for equilateral hexagonal trefoils and equilateral hep-
tagonal �gure eight knots. Sincethe level of inaccuracy in theseapproximations is
many times smaller than what would be required to changeknot type, weknow that
our examplesare very near a real equilateral knots. See,for example Proposition
3 and Corollary 2 in [5]. Thus, the best hope of �nding a simple counterexample
to the equality in (9) falls in the world of octagons. Here we do have equilateral
examplesfor nearly all octagonal knot typesexcept 819.

Question 5. What is pEqu (819)?

Question 6. Are there other simpleexamplesof knots whoseequilateral polyg-
onal index is strictly greater than their polygonal index?

Perhapsonecanobtain a thorough enoughanalysisof octagonal819 's to fashion
an argument similar to the one used for 818 above. However, this argument must
be signi�can tly more complex, sinceedgelength will have to play a signi�can t role.

In order to answer the secondof our fundamental questions, we turn to the
notion of \mo duli spaces." (See,for example, [7] in this volume). The main idea
here is to identify each n-sided polygon with the 3n-tuple of vertex coordinates
which de�ne it. This gives a bijective correspondencebetween points in R3n and
(potentially immersed) polygons in R3. The collection of polygons which are not
embeddedcorrespondsto a closedsemi-algebraicset � (n ) . More speci�cally , � (n ) is
the closureof the union of a �nite number of pieces,each described as the locus of
a system of equations and strict inequalities corresponding to a single intersection
betweentwo non-adjacent edges;for example, those polygons hv1; v2; : : : ; vn � 1; vn i
in which v1v2 intersectsv3v4 can be described by the system

(v2 � v1) � (v3 � v1) � (v4 � v1) = 0

(v2 � v1) � (v3 � v1) � (v2 � v1) � (v4 � v1) < 0

(v4 � v3) � (v1 � v3) � (v4 � v3) � (v2 � v3) < 0:

By excluding thesesingular points, weare left with an opensetGeo(n ) = R3n � � (n ) ,
the points of which correspond to embedded polygons in Rn . Paths in Geo(n )

determine isotopiesof polygons,sopath-components are in bijectivecorrespondence
with the geometric knot typesavailable with n edges.We call Geo(n ) the space of
geometric knots.

Let Equ(n ) be the subspaceof Geo(n ) corresponding to embedded polygons
having all unit-length edges.This spaceis the preimageof the smooth map

(10) hv1; v2; v3; : : : ; vn i 7!
�

jv1 � v2j2; jv2 � v3 j2; : : : ; jvn � 1 � vn j2; jvn � v1 j2
�

at the regular value (1; 1; : : : 1), and henceforms a smooth 2n-dimensionalmanifold
whose path-components correspond to the equilateral knot types present with n
edges.We call this the space of equilateral knots.
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In this framework, then, Question 2 can be answeredby determining the num-
ber of homotopy classesof maps from S0 to one of these spacesmapping 1 to a
given point (say, the standard equilateral planar n-gon).

Question 7. Compute � 0(Geo(n ) ) and � 0(Equ(n ) ) for all n.

Sinceevery triangle, quadrilateral, and pentagon can be deformed into a stan-
dard unknot with the appropriate number of edges,Geo(n ) is connectedfor n � 5.
These deformations can be completed without ever changing the length of any of
the edges,so Equ(n ) is also connectedfor n � 5. In [3], we show that both Geo(6)

and Equ(6) have a total of �v e components, corresponding to onegeometric type of
unknot, two geometric types of right-handed trefoils, and two geometric types of
left-handed trefoils. In fact, we �nd that two hexagonsare equilaterally equivalent
exactly when they are geometrically equivalent. Thus Equ(6) intersectseach compo-
nent of Geo(6) exactly once. However, the following theorem implies that this cor-
respondenceis not a homotopy equivalence,sincethe inclusion i : Equ(6) ,! Geo(6)

has a nontrivial kernel in fundamental group.

Theorem 5. Let T be a component of Geo(6) consisting of trefoils. Then
� 1(T ) = Z2 while � 1(T \ Equ(6) ) is in�nite.

Pr oof. (i) Note that mirror re
ection and sequential relabeling of verticesgive
isometriesof both Geo(n ) and Equ(n ) , so we can freely choosewhich component T
we wish to investigate. Suppose,then, that H = hv1; v2; v3; v4; v5; v6 i is a hexagonal
right-handed trefoil in T . We can translate H through R3 so that v1 lies at the
origin. A solid rotation of R3 then can placev3 on the positive x-axis and v5 on the
upper-half xy-plane. By relabeling vertices and repositioning H if necessary, we
can assumethat v2 lies above the xy-plane, so that its z-coordinate is positive. In
this case,it is an easyexerciseto show that v4 and v6 also have will have positive
z-coordinates; otherwise, we can �nd an open triangular disc 4 ( i � 1) i ( i +1) which
doesnot intersect H and can thus provide an isotopy deforming this trefoil into an
unknotted pentagon. Through combinatorial argument (seeCorollary 10 in [3]) we
can also show that, sinceH is right-handed,

(11) the edge
v4v5

v6v1

v2v3

intersects the open discs
4 612; 4 123

4 234; 4 345

4 456; 4 561

transversely;

furthermore, theseare the only intersectionsbetweenedgesand triangles in H .
Any geometric deformation of H must keepv2; v4, and v6 above the xy-plane;

thus any trefoil in the samecomponent of Geo(6) as H can also be placed, through
solid motions of R3, into this standard position, with v1 on the origin, v3 on the
positive x-axis, v5 on the upper-half xy-plane, and all even-index vertices above
this plane. Furthermore, the intersectionsdescribed by (11) will hold for all trefoils
in T .

(ii) The group action by solid motions in R3 givesT the structure of a principal
bundle with �bre R3 o SO(3). Placing hexagonsin the standard position described
in (i) above givesa section � : T =R3 o SO(3) ! T into the bundle, so that

� 1(T ) �= � 1(T =R3 o SO(3)) � � 1(R3 o SO(3)) �= � 1(T =R3 o SO(3)) � Z2:

Supposethat H t : [0; 1] ! T is a loop contained in the image of the section � .
Let A t be the linear transformation taking v3(t) to (1; 0; 0), v5(t) to (0; 1; 0), and
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Figure 7. H t = h(0; 0; 0); (0; 0; 1); (1; 0; 0); v4(t); (0; 1; 0); v6(t)i :

v2(t) to (0; 0; 1). Left multiplication by sA t + (1 � s)I describes a deformation of
R3 taking H t into a loop of hexagonswith v1 = (0; 0; 0); v2 = (0; 0; 1); v3 = (1; 0; 0);
and v5 = (0; 1; 0), as in Figure 7. Since this transformation is non-degenerate,we
can assumethat

H t = h(0; 0; 0); (0; 0; 1); (1; 0; 0); v4(t); (0; 1; 0); v6(t)i :

Let � 6 be the smallest angle which the xz-plane makeswith the plane through
the x-axis determined by v6(t), and set P6 to be the plane at this angle. Then the
edgev5v6 intersects this plane for all t. Since v2v3 is the only edgewhich pierces
through the interior of the triangular disc 4 561, we can deform H t by pushing v6

along the ray � � !v6v5 until it lies on P6. Thus we can assumethat H t hasv6(t) on the
plane P6 for all t. Let � 6 be the largest value of kv6(t)k in the loop. For each t, we
can push v6 along the ray � � !v1v6 until kv6(t)k = � 6, so that we can assumethat v6(t)
only moves along part of somecircular arc on P6. Finally, let ! 6 be the smallest
measureof the angle \ v3v1v6. We can move v6(t) inside the plane P6 along the
circle of radius � 6 about the origin until ] v3v1v6 = ! 6. In particular, there is no
danger that v1v6 intersect v3v4 since the former is contained in P6 and the latter
crossesP6 only at v3. Therefore, we can assumethat v6(t) remains constant for all
t, so that the loop H t consistsof trefoils with �v e �xed vertices.

Now, let � 4 be the largest angle which the xz-plane makes with the plane
containing v4(t) and the x-axis, and let P4 be the plane realizing this angle. For
each t, v4(t) can be pushedalong the ray � � !v5v4 until v4(t) lies on P4. Let � 4 be the
smallest value that the function kv4(t)k takes on. Then v4(t) can be pushed in a
straight-line path towards the origin until kv4(t)k = � 4 for all t. This deformation
will createno self-intersectionssincethe edgesv3v4 and v4v5 will move through the
interior of the triangular discs 4 134 and 4 145, respectively, but H t never pierces
either of thesediscs. Thus, we can assumethat v4(t) movesalong a pieceof some
circular arc on P4. A contraction of this arc to a point will �x v4(t) for all values
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of t, so that H t is a null-homotopic loop in T . Therefore � 1(T =R3 o SO(3)) �= 1
and � 1(T ) �= Z2, as claimed.

(iii) Supposethat H = hv1; v2; v3; v4; v5; v6i is an equilateral hexagonal right-
handed trefoil in T which has beenplaced in standard position, as in (i). Let a; b,
and c be the distancesbetweenv1 and v3, v3 and v5, and v5 and v1, respectively.
Furthermore, set

d(a; b;c) =
p

2a2b2 + 2a2c2 + 2b2c2 � a4 � b4 � c4:

Let �; � , and 
 be the dihedral angles between the xy-plane and the triangles
4 123; 4 345, and 4 561, respectively. Note that since the even vertices of H live
above the xy-plane, theseanglestake values in the interval (0; � ). Then H can be
parameterizedby the formulae
(12)

v1 = (0; 0; 0)

v2 = (
a
2

;
1
2

p
4 � a2 cos�;

1
2

p
4 � a2 sin � )

v3 = (a; 0; 0)

v4 = (
3a2 � b2 + c2

4a
�

d
4ab

p
4 � b2 cos� ;

d
4a

�
a2 + b2 � c2

4ab

p
4 � b2 cos� ;

1
2

p
4 � b2 sin � )

v5 = (
a2 � b2 + c2

2a
;

d
2a

; 0)

v6 = (
a2 � b2 + c2

4a
+

d
4ac

p
4 � c2 cos
 ;

d
4a

�
a2 � b2 + c2

4ac

p
4 � c2 cos
 ;

1
2

p
4 � c2 sin 
 ):

Recall that by (11) the triangular discs 4 123; 4 345, and 4 561 are pierced by
the edgesv4v5; v1v6; and v2v3; respectively. First consider the disc 4 345 and the
edgev1v6. Since the even vertices of H live above the xy-plane, the line through
v6 and v1 intersects4 345 in a positive direction. Therefore,

(v6 � v1) � (v4 � v1) � (v3 � v1) = v6 � v4 � v3 > 0:

Using (12), this inequality reducesto

f 1 = (d �
a2 � b2 + c2

c

p
4 � c2 cos
 )

p
4 � b2 sin �

� (d �
a2 + b2 � c2

b

p
4 � b2 cos� )

p
4 � c2 sin 
 > 0:

Now consider the other two triangles and the other two edges. This amounts to
cyclically permuting the parameters a; b, and c, and the angles�; � , and 
 in the
formula for f 1. Thus,

f 2 = (d �
a2 + b2 � c2

a

p
4 � a2 cos� )

p
4 � c2 sin 


� (d �
� a2 + b2 + c2

c

p
4 � c2 cos
 )

p
4 � a2 sin � > 0
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and

f 3 = (d �
� a2 + b2 + c2

b

p
4 � b2 cos� )

p
4 � a2 sin �

� (d �
a2 � b2 + c2

a

p
4 � a2 cos� )

p
4 � b2 sin � > 0:

Now let � : Equ(6) ! (0; 2) � (0; 2) � (0; 2) be the map taking the equilat-
eral hexagon H to the triple (kv3 � v1k; kv5 � v3k; kv1 � v5k). In addition, let
D = f (x; x; x) : x 2 (0; 2)g be the diagonalacrossthe opencube(0; 2)� (0; 2)� (0; 2).
Then � � 1D consistsof thoseequilateral hexagonswhoseodd vertices form an equi-
lateral triangle. Suppose that a right-handed trefoil H in T is parameterized as
above by the sextuple (a; b;c; �; � ; 
 ) and has � H 2 D. Consider the function

� =

p
4 � a2f 1 sin � +

p
4 � b2f 2 sin � +

p
4 � c2f 3 sin 


2
p

4 � a2
p

4 � b2
p

4 � c2 sin � sin � sin 

:

Sincef �; � ; 
 g 2 (0; � ) and f 1; f 2, and f 3 are all positive, � > 0. However, a simple
algebraic manipulation shows that

� =
c2 � b2

a
cot � +

a2 � c2

b
cot � +

b2 � a2

c
cot 
 :

Since � H 2 D, we have a = b = c and therefore � = 0; giving a contradiction. In
particular, we �nd that the triangle formed by the odd vertices of any hexagonal
trefoil cannot be equilateral. Thus, the image of the subset of equilateral trefoil
knots under � is contained in the open solid torus (0; 2) � (0; 2) � (0; 2) � D.

(iv) Let H1 2 T \ Equ(6) have a < b < c. For example,supposethat

H1 = h(:886375; :276357; :371441); (:125043; � :363873; :473812);

(:549367; :461959; :845227); (:818041; 0; 0);

(:4090205; � :343939; :845227); (0; 0; 0); i

so that � H1 = (0:610324; 0:818027; 0:914936). By cyclically shifting vertex labels
twice, we obtain a hexagon H 2 with b < c < a; a secondshift yields a hexagon
H3 with c < a < b. Note that all three sets of vertices have the sameunderlying
hexagon. Furthermore, in all three casesthe even vertices lie above the plane
determined by the odd vertices.

By Theorem 13 in [3], every equilateral right-handed hexagonal trefoil whose
even verticeslie on the positive sideof the plane determinedby its odd verticeslives
in the samecomponent of Equ(6) . This meansthat there exists a path h1 in Equ(6)

from H1 to H2. By cyclically shifting vertex labels in h1(�) twice and four times,
we obtain two paths h2 and h3 from H2 to H3 and from H3 to H1, respectively.

Let � be de�ned asin (iii). Then � (h1 �h2 �h3) is a generatorfor the fundamental
group of the solid torus (0; 2)� (0; 2) � (0; 2) � D. Thereforeh1 � h2 � h3 is an essential
loop of in�nite order in T \ Equ(6) . In particular, � 1(T \ Equ(6) ) is an in�nite
group. �

Question 8. We know that � 1(T \ Equ(6) ) has elements of in�nite order and
of order 2. Compute � 1(T \ Equ(6) ).

Question 9. More generally, what is the fundamental group of any component
of Geo(n ) or Equ(n ) ?
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Figure 8. An essential loop in Geo(7) .
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The last question is relevant becauseunderstanding the fundamental group of
the components of Geo(n ) or Equ(n ) may yield critical information about the number
of components in each space. As a casein point, consider Geo(7) , which consists
of �v e components: one of unknots, one of each type of trefoil (left-handed and
right-handed), and two of �gure-eight knots [2, 4]. In each component of �gure-
eight knots, there is an essential loop taking a heptagonal �gure-eight knot to it's
mirror imageand back. SeeFigure 8. Heptagonsin adjacent framesof this \mo vie"
di�er by the motion of one vertex passingthrough the interior of a triangular disc.
Empirical evidenceseemsto indicate that this is an impossiblemotion in Equ(7) .

Question 10. Are there examplesof �gure-eight knots in Equ(7) with three
consecutive edgeswhich are coplanar?

If the answer to this last question is \no," then Equ(7) must have at least
31 components, leaving us with the �rst example of a knot with more equilateral
representativ esthen geometric ones. This brings us to our last question.

Question 11. Are there examplesof knots for which the number of geometric
representativ esis not the sameas the number of equilateral representativ es?
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